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Forming helical blades from flat blanks with minimal deformation

Abstract. Helical blades are increasingly used in the designs of forage harvesting equipment. They demonstrate better
cutting characteristics compared to traditional flat ones, but their manufacture is complicated by the non-developable
surface of the surface. The problem of creating an accurate flat workpiece for such knives necessitates the need for a
mathematical description of their geometry. The purpose of this study was to determine an analytical method for
constructing a flat workpiece for a helical knife, considering the minimum resistance during plastic deformation of the
workpiece. To achieve this goal, differential geometry methods were used, in particular, vector analysis of helical surfaces,
construction of a Frenet trihedron, and analysis of the first quadratic form of the surface. It was established that the working
surface of the knife is a straight open helicoid, which can be bent into a surface of revolution without changing the first
quadratic form. Parametric equations of bending of the knife surface using a variable parameter describing the process of
transforming the helicoid into a one-sheeted hyperboloid of revolution were constructed. It was proven that the latter is
approximated with high accuracy by a truncated cone, the sweep of which is determined by the design parameters of the
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Forming helical blades from flat blanks...

knife. Formulas for calculating the geometric dimensions of the sweep from the known parameters of the knife, in particular
the radii of the bases and the height of the truncated cone, were obtained. It was shown that the length of the blade arc and
the central angle that outlines the workpiece enable precise determination of its shape. The practical value of the study
consists in the creation of an effective method for constructing the most accurate flat workpiece for the manufacture of
a helical knife, which allows minimising the resistance during forming, reducing the labor intensity, and increasing the

accuracy of manufacturing parts of grinding drums

Keywords: Frenet formulas; curvature; torsion; vector equation of a surface; first quadratic form

INTRODUCTION

Helical blades are widely used in various industries due
to their unique shape and ability to process materials ef-
ficiently. In particular, they are used in the food industry
for grinding and mixing raw materials, in agriculture for
processing feed, and in the woodworking and processing
industries for grinding wood and secondary raw materials.
The main purpose of using such blades is to ensure uniform
cutting, improve equipment productivity, and reduce ener-
gy costs due to the optimised blade shape.

Helical surfaces find their application in a wide range
of technical fields. V. Bulgakov et al. (2024) theoretically
investigated the traction resistance of harrows with screw
working bodies. The authors analysed the factors affecting
the efficiency of such harrows, in particular their resistance
when performing soil cultivation, which is important for
improving agrotechnical characteristics and reducing en-
ergy costs in agriculture. The research of S. Liu et al. (2023)
focuses on optimising the surface texture of screw pairs in
screw hydraulic rotary actuator using surrogate methods.
The authors used an approach based on surrogate model-
ling to improve surface parameters, which is important for
increasing the efficiency and durability of such systems.
M. Mushtruk et al. (2020) considered mathematical model-
ling of the oil extrusion process with pre-grinding of raw ma-
terials in a twin-screw extruder. The authors analysed vari-
ous aspects of the process, in particular in food processing,
to optimise the technological process to increase oil yield
and reduce energy costs during raw material processing.

Scientists J.C.P.Ortiz et al. (2024) focused on optimising
the Gorlov screw turbine for hydrokinetic applications us-
ing surface response methodology and experimental tests.
This contributes to improving the turbine’s performance
when used in hydroelectric systems, optimising its charac-
teristics for maximum performance and minimum energy
consumption. J. Zhao et al. (2024) investigated the change
in the morphology of tooth surfaces and tribological prop-
erties of helical gears during lubricated sliding wear. This
made it possible to improve the operational characteristics
of helical gears by studying their behaviour under differ-
ent lubrication and wear conditions, which is important for
increasing their durability. The article of H. Liu (2024) was
devoted to the theory of formation and computer model-
ling of rotary cutting tools with helical teeth. The research
is aimed at improving the production technologies of such
tools, increasing their accuracy and efficiency in material

processing processes. J. Chen et al. (2024) considered a gen-
eral coupling model and dynamic analysis of a helical gear
pair with tooth surface deviations. This made it possible to
evaluate the effect of tooth deformations on the operation
of helical gears and their dynamics to improve the accura-
cy and reliability of such systems in mechanical devices.
A. Rucins et al. (2024) investigated the energy parameters
of a screw conveyor with a bladed working body for trans-
porting agricultural materials to improve efficiency and
reduce energy costs when using such systems for moving
grain and other agricultural cargo.

As a result of reviewing the sources on the selected
topic, it was found that the issue of finding an approximate
knife sweep in the form of a flat workpiece, which would be
the most accurate and would present the least resistance
when forming it into the surface of a helical knife, is rele-
vant. In this regard, the problem of mathematical descrip-
tion of the bending of the helical surface of the knife arises
(Filimonov & Bacherikov, 2022). This will make it possible
to find a flat workpiece for its manufacture based on a sci-
entific approach.

The article aimed to build an analytical model of the
bending of the helical surface of the knife of the grinding
drum, with the subsequent determination of an accurate
flat workpiece that provides minimal resistance to plastic
deformation during forming.

The scientific novelty of the research lies in the use
of methods of differential geometry, namely the theory of
bending of surfaces based on their internal geometry. Since
the surface of a straight open helicoid is non-developable,
the study of the bending process can contribute to the im-
provement of its manufacturing technology.

MATERIALS AND METHODS
The study used symbolic mathematics of the software
product “Mathematica”, as well as the MatLab software
environment for visualisation of the obtained results. To
achieve the goal, approaches based on the methodology of
differential geometry were used.

One family of coordinate lines of the helical surface
was adopted, as helical lines were taken to be helical lines.
The helical surface was bent by gradually decreasing its
pitch. In this case, the length of the helical lines did not
change, as a result of which the radius of the cylinder on
which they were located increased. When the pitch of the
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helical lines became zero, the helical surface was trans-
formed into a surface of revolution. The spatial curve was
characterised by two differential parameters — the curva-
ture k and the torsion o. For a helical line, these parame-
ters were constant and were determined from the following

expressions:

a_ . _ b
a?+p?’ o= a?+p?

k= @

where a is the radius of the cylinder on which the helix was
located; b is the helix parameter, through which the pitch
H was determined (H=2mb). The helix had a pitch angle p,
the tangent of which was the coefficient of proportionality
between twist and curvature, and which was determined
through a and b: tg8=b/a. Based on this, another expres-
sion was written to determine curvature and twist:

cos?’B __ sinBcosf
a '’ a

k:

@)

Having solved (1) for the constants a and b, we ob-
tained expressions for finding them from the known curva-
ture k and the torsion o:

k o

a= Zto?’ b= K?+0?" ©)

The parametric equations of a helix as a function of the
length s of its arc had the form:
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The helical line (4) was taken as the guiding curve
through which the helical surface passes. For bending the
surface, its vector equation in the accompanying Frenet
trihedron of the curve (4) was used. In addition, the first
quadratic form of the surface was used, with the help of
which the length of the line on the surface was determined.
Since the lengths of the lines did not change during bend-
ing, the first quadratic form of the surface remained un-
changed during its bending. The achievement of such a re-
sult indicated that the analytical description of the process
of bending the surface was correct.

It is necessary to analyse the shape of the helical knife
of the chopping drum of a forage harvester. Figure 1a shows
the chopping drum of the New Holland with knives fixed
on it, and in Figure 1b - a separate knife with structural
dimensions and cross-section. The blade of the knife is a
helical line located on a cylinder of radius R with a lift an-
gle B,=90° - 7. The cross-section of the knife, the thickness
of which is conventionally taken as zero, is a segment per-
pendicular to the axis of the helical line, and which makes
an angle ¢ to the radial direction (Fig. 1c). The surface is
formed by the helical movement of this segment at a con-
stant value of the angle ¢, therefore the formed surface is a
straight open helicoid.

a) b)

Figure 1. Grinding drum
and design parameters of a separate knife
Note: a) shredding drum with knives; b) separate knife on the drum; c) knife cross-section: L — knife length; r — angle
between the drum axis and the knife blade; 2R - drum diameter; ¢ — angle between the knife cross-section line and the

radial direction

Source: a) Pull-type forage harvesters and flail harvester (n.d.); b), ¢) S. Pylypaka et al. (2017)

The guiding curve for forming the surface is taken to
be a helix located on a cylinder of radius r and with an el-
evation angle 8. At point A, a Frenet trihedron can be con-
structed, in which the orthogonal plane 7 is tangent to the
helix, the orthogonal plane 71 is the main normal of the he-
lix, and the orthogonal plane b is the binormal.

RESULTS

Figure 2a shows a frontal projection of a helix with a ver-
tical axis, so the orthogonal plane of the principal normal

il is projected to a point. The straight-line generators of a
straight open helicoid intersect the helix, are parallel to the
horizontal plane, therefore, are perpendicular to the axis
of the helix, but are transverse to it. This condition is met
by the straight-line generator u, which is located in the di-
rect plane of the trihedron parallel to the horizontal plane
(Fig. 2a). The direction vector wof the straight-line genera-
tor in the trihedron system has the coordinates:

W :{cosp; 0; - sinp}. (5)
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a)

Figure 2. Graphical illustrations for constructing the vector equation

of the surface of a straight open helicoid in the Frenet trihedron system of the helical line
Note: a) position of the rectilinear generator u of the surface in the direct plane of the trihedron; b) fragment of the helix
and the Frenet trihedron on it with the rectilinear generator: OX, OY, OZ - coordinate axes, units of measurement — linear
units; 7, i, b - orts of the Frenet trihedron; 7 =7(s) — vector equation of the helix R=R(s,u) - vector equation of a straight
open helicoid; w=w(s) — direction vector of the rectilinear generator, u — rectilinear generator; g — angle of elevation of the
helix, designated in the Frenet trihedron system concerning its orts; r — radius of the cylinder on which the helix is located
Source: developed by the authors based on research conducted

According to Figure 2b, any point on the surface of a
straight open helicoid can be expressed as the vector sum
of the distance r to the vertex of the trihedron and the dis-
tance u along the direction vector w:

R(s,u) =F(s) +zu cosp - bu sinp. 6)

It is known from differential geometry that when a
surface is bent, its first quadratic form does not change. It
is found through the partial derivatives of the surface (6),
taking into account the fact that the angle A= const:

oR _ — - .
a—rcosﬁ—bsmﬁ,

R _ d7 , dT db_ .
95 = 25 T ucos B ——cusinp. (7)
The vector (dr)/ds =7, the derivatives of the vectors T

and b are written in projections onto the vectors of the tri-
hedron according to the Frenet formulas:

7' =nk; ii'=-tk+bo; b'=-fic. 8)

After substituting (8) into the partial derivative (7) of
the surface along the arc s and grouping by vectors can be
obtained:

OR _ — , — ,
P T+ nu(k cos B + osinp). ©)

The coefficients of the first quadratic form will be writ-
ten: ,

R . dR OR
E= (—u) =cos’f +sin*B =1 F = o, = Cosp;

G = (@)2 =1+ u?(kcos B + o sinB)> (10

as

When bending the surface, it is necessary to maintain
the condition under which the value of the coefficients (10)
should not change. The coefficients E and F are constant
values. The coefficient G includes the curvature k and the
torsion ¢. They can be changed so that the expression in
parentheses of the coefficient G does not change in gen-
eral. The angle g remains unchanged, since it is included

in the coefficient F, which also should not change. After
bending the surface, the curvature and torsion of the heli-
cal base curve will change their value. They can be denoted
by k, and g, respectively. From the condition of invariance
of the expression in parentheses of the coefficient G, it can
be written:

kcosp + osinf =k cosp + o,sinp.

(11)

In equation (11) we can change the curvature k, or the
twist g,,. The twist ¢, will be changed by multiplying the in-
itial twist o by the factor p: o, =p - 0. Substituting into (11)
a,=p-o and solving for k, will give the result:

k,=k+(1-p)o-tgp.

Let the initial helix with the angle of rise g on a cyl-
inder of radius r be given. Then its curvature and twist are
determined according to expressions (2), in which instead
of a, it is necessary to take r. The obtained values of curva-
ture and twist should be substituted into the expressions
a,=p-oand (12) instead of k and o. After simplifications, we
can obtain new values of curvature and twist of the helix:

(12)

k, =%(1—p)sin2ﬂ;ab =%psinﬂcosﬁ. (13)

By giving different values of the coefficient p, the cur-
vature and torsion of the helix will change, and the pitch
angle B will remain constant. At p = 1, the initial helix will
be obtained. To construct a directional helix according to
parametric equations (4), it is necessary to find expres-
sions for the constants a and b. Substituting the expres-
sions for curvature and torsion (13) into formulas (3) gives
the result:

_ .. (1-p)sin® B+cos* B

a psinfcosp
1-2psin? B+p?sin?2 B’

=r (14)

1-2psin? B+p?sin? B’

At p=1 from (14) we can obtain a=r, b=r-tgp, i.e. the
parameters of the initial helix. A straight-line generator
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passes through the helix (4), the direction of which is giv-
en by the unit vector (5) in the accompanying trihedron
system. Therefore, it is necessary to pass from the trihe-
dron system to the fixed coordinate system in which the
helix is located. This can be done using the known transi-
tion formulas. After that, it is necessary to pass a straight-
line generator of the surface through the helix (4) in the
found direction. The parametric equations of the surface
take the form:

X = acos s __u(acosp+bsinp) in s .
VaZ+b? VaZ+b? Vaz+p?’
. s u(a cos B+bsin B) s
Y =asin + cos ;
va?+b? a?+b? VaZ+pZ’
bs u(b cos f—asin B)
7= + , (15)
a?+b? a?+b?

where u is the second independent variable - the length of
the straight-line generator, the count of which starts from
the point on the helix. The coefficients of the first quadrat-
ic form of the surface (15) take the form:

ax\2 ar\2 az\2
E=(5) +G) +(5) =1
_0x 0x_ av oY 0z 0z

F_Bu ds gu.as Zau £=2C05ﬁ;
= (XY 4 (20 4 (22) =
G _Z(Bs) +((25)2 + (Bs) -
_ u a*—b?)cos2B+2absin2p
=1+ 2(a?+b?) (1 + (a2+b?) ) (16)

The coefficients E and F coincide with the same co-
efficients (10). In equations (15), the constants a and b,
which are included in the coefficient G, will change during
bending according to (14). It is necessary to substitute the
expressions a and b from (14) into the expression for the
coefficient G (16):

2 2
G=1+22F (17)

Thus, none of the coefficients E, F, G includes the pa-
rameter p. This indicates that equation (15), where the
constants a and b are given in (14), describe a one-pa-
rameter set of bendings of a straight open helicoid. If the
curvature of the initial helical line from (3) is substituted
into the coefficient G (10) at a=r, an expression similar to
expression (17) will be obtained. This indicates that equa-
tion (15), when substituting expressions a and b from (14)
into it, describes the process of bending of a straight open
helicoid. The parameter p, which is included in the expres-
sions a and b, that is, in the equations of the surface (15),
affects the shape of the surface, but does not affect its first
quadratic form.

It is advisable to consider the obtained result on the
bending of a surface in which the initial helix has a lift
angle f=45° and is located on a cylinder r=15 linear units.
In Figure 3, intermediate positions of the surface (frontal
projections) are constructed for certain values of the pa-
rameter p. The guide helix is thickened. The length of the
straight generator is 10 linear units (separate figures are
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made at different scales for clarity, therefore, the length of
the generators on them is not proportional). When bend-
ing a straight open helicoid by reducing the torsion of the
guide helix, it turns into an oblique open helicoid (Fig. 2b)
and with further bending - into a single-cavity hyperbo-
loid of rotation with a torsion equal to zero (Fig. 2c). The
reduction of the pitch of the surface turn occurs by reduc-
ing the parameter p, that is, by reducing the twist of the
guide helix.

40

a)
b)

0 zZ

2

-4

\
6 l X,
I T T T 1

(O BT 5 0 5 10

Figure 3. Individual intermediate positions
of an open helicoid during its bending
Note: a) p=1; b) p=0.5; c) p=0: X, Z are coordinate axes,
units of measurement are linear units
Source: developed by the authors based on research
conducted

The task is to find the necessary constants and vari-
able parameters to describe the surface of the knife using
equations (15). To do this, we need to find the radius r and
the angle g of the helix. The straight-line generator of the
surface on the cross-section of the knife is tangent to a cir-
cle of radius r (Fig. 4a). The length of the cross-section of
the knife u, is part of the straight-line generator. From the
right triangle, it was found the radius r:

r=Rsing. (18)

Machinery & Energetics. Vol. 16, No. 3
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s

Figure 4. Graphical illustrations for finding the necessary
input data for constructing the surface of a helical knife
Note: a) the relationship between the radius of the cylinders
on which the helical lines are located; b) the relationship
between the angles of elevation of the helical lines: r —
radius of the cylinder on which the guiding helix is located;
R - radius of the cylinder on which the outer helix of the
knife (blade) is located; u, — width of the knife; ¢ — angle
between the radial direction and the cross-section of the
knife; L - length of the knife; s — length of the guiding helix;
B — the angle of elevation of the guide helix; g, — the angle
of elevation of the knife blade; r, — the value of the leg of
the triangle on the sweep of the guiding helical line, where
a is the angle of rotation of the point during its movement
along the guiding helical line, as well as along the blade line
within its length; R, — the value of the leg of the triangle on

the sweep of the helical line — the blade of the knife
Source: developed by the authors based on research
conducted

From the same triangle, we find the length of the
straight line generator to the point on the blade and the
limits of change of the parameter u, which correspond to
the width of the knife u,:

u=Rcosg - U,...Rcosp. (19)

Figure 4b shows helical lines on the sweeps of their
cylinders. Through the length of the drum L and the length
of the corresponding arc of the circle on the sweep, which
are the legs of right-angled triangles, it is possible to de-
termine the tangents of the angles of elevation g and g,
of the helical lines. The angles of rotation a of the ends
of the straight generatrix around the axis when moving
this generatrix along the helical lines within the distance

L are the same. The expressions for the tangents of the an-
gles are written:

tgh == tghy = (20)
B and B, can be found taking into account (18):
B = Arctg (g tg[)’R) Arctg (:;gf (’; ) (21)

It was needed to find the length s of the arc of the helix
on the cylinder of radius r. It can be found from the right
triangle through the length L and the angle j, having pre-
viously passed from the expression for the tangent g in (21)
to the sine j:

s = LctgBgy/sin?¢ + tg2fx.

When constructing the knife surface, the parame-
ter s changes from zero to the value (22). Let the heli-
cal knife be given by the following design parameters:
L=0.72m, R=0.25 m, t=20° ¢=65° u,=0.1 m. The nec-
essary parameters for constructing the knife surface can
be found by equations (15). According to (18) r=0.2266 m.
By formula (19), the limits of the variable parameter u are
determined: u =0.006...0.106 m. The angle of elevation f
of the guide helix for the radius r is determined by formu-
la (21), where 8,=90°-7=70°: f=71.75°. The limits of the
change in the length of the helix are determined by formu-
la (22): s=0...0.758 m. These data are sufficient to construct
the surface of the knife according to equations (15), taking
into account (14) at p=1 and its bending at other values of
p. In this case, the radius r acts as a constant a. However,
the surface of the one-sheeted hyperboloid of revolution,
to which the surface of the knife is bent at p=0, is inter-
esting. The hyperboloid of revolution is constructed in Fig-
ure 5, from which it can be seen that it is very close to a
truncated cone, which can be considered an approximate
sweep of the knife, that is, a flat blank for its manufacture.
The cone, in turn, is very close to a cylinder with a height h.
From this, we can conclude that the sweep of the knife will
be close to a rectilinear strip.

22)

[‘g si‘-——f.,,_n_

R

0.3 0.2

oA
A

. [

Ro C)

Figure 5. Section of a one-sheeted hyperboloid of revolution on which a knife has bent
Note: a) axonometric image; b) frontal projection with dimensions; c) approximate sweep of the knife: X, Y, Z — coordinate

axes, units of measurement - m; R, -

radius of the lower parallel of the one-sheeted hyperboloid of revolution;

r, — radius

of the upper parallel of the single-cavity hyperboloid of revolution; h — height of the compartment of the one-sheeted

hyperboloid of revolution; R,

- radius of the blade arc on a flat knife blank; r,,

- radius of the inner edge arc on a flat knife

blank; v, — central angle that limits the flat blank along the length
Source: developed by the authors based on research conducted
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It is necessary to find the dimensions of the truncated
cone (Fig. 5b). The variable radius p, which characterises
the helical lines on the surface of the knife and depends
on the variable u, must be found at p =0. In this case, ac-
cording to (14) a=r, b=0. For these data from the first two
equations (15):

p=VXZ+Y2=/r2+u?cos?p. (23)
At u=0.006 and f=71.75°, according to (22) the radi-
us of the upper base of the truncated cone can be found
r,=0.2266 m (Fig. 5b). Practically r,=r, since u=0.006 m is
a small value. At u=0.106 and the same value of f=71.75°,
according to (22), the radius of the lower base of the trun-
cated cone can be found: R,=0.229 m. The height h is deter-
mined from the last equation (15) at p =0, (at which b=0),
as the difference of heights at u=0.006 and u=0.106. From
here it can be found: h=0.095 m. With this data known,
as well as the known length s of the upper base of radius
r,(s=0.758 m), it is possible to construct a scan of a trun-
cated cone, which is an approximate flat blank of a helical
knife. The described sequence of finding the dimensions of
a truncated cone, which approximates the surface of a hel-
ical knife, can be generalised. The formulas, which include
only the design parameters of the knife, have the form:

_ Rsing .
RO " sint/sin2 27’ (24)
/sin2¢@+ctg?t

=i f 2 4 (o=Rcos@)?,
o =Ssing [R*+ sinproglt (25)
_ UyCtgT
h = Jsin2@+ctg?t (26)

Given the design parameters of the knife L=0.72 m,
R=0.25m, t=20° ¢=65° u,=0.1 m, according to formulas
(23), (24), (25), one can obtain: R, =0.229 m, r=0.2266 m,
h=0.095 m. The next stage is finding the sweep of the trun-
cated cone, which will be a flat blank for the helical knife.
The dimensions of the sweep are found by the well-known
formulas:

R, =

Ro 7 — 2 2.
Ro—To (RO rO) +h ’
.
Ty = Roi’b J(Ry —19)? + h2.

where R, is the radius of the knife blade on a flat workpiece,
r,,is the radius of the inner edge (Fig. 5c). The length of the
blade on the workpiece is equal to the length of the larger
base of the truncated cone, which is not closed (Fig. 5a). It
can be determined from a right triangle (Fig. 4b):

@7

_ L — L (28)

T sinfr  cost’

Sw

From formulas (27), (28), one can obtain: R,=9.07 m,
r,=8.97 m, s,=0.77 m. The knife blade on the workpiece
rests on the central angle y,, (Fig. 5¢), which is determined
from the expression (for the considered case y,,=0.08 rad
or 4.8°):

1/) _ L

Rycost’

29)
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Given that helical surfaces are widespread in technol-
ogy, great attention is paid to their manufacture. From an
engineering point of view, they all fall under the general
definition associated with a helical conoid - the common
name in technology of “screw”. However, from a geometric
point of view, there is a difference between the methods of
forming helical surfaces. This difference is taken into ac-
count in the study. And it is as follows: in a helical conoid,
which is also called a direct closed helicoid, the rectilinear
generators intersect the axis of the surface, and in a direct
open helicoid, they are parallel to the axis.

It is noteworthy that in the article, the finding of the
approximate sweep of the knife surface is closely related
to the theoretical description of the process of its bending.
According to the theory of differential geometry of surfac-
es, any helical surface can be bent into a surface of rev-
olution and vice versa. This implies the invariance of the
lengths of lines on the surface and its area during the bend-
ing process. The surface thickness is assumed to be zero.
This is a disadvantage of the method. However, with a rela-
tively small surface thickness, this method gives acceptable
results for practice.

In the theoretical description of the bending of helical
surfaces in the surface of revolution, it is important to obtain
reliable results. In the conducted study, this is confirmed by
the coefficients of the first quadratic forms of the surface of
the open helical conoid and the one-sheeted hyperboloid
of revolution. The correspondence of these forms is accom-
panied by the found coefficients (10) for the helical surface
and the corresponding coefficients (16) for its bending.

The construction of the sweep of a helical knife has its
specifics. The fact is that the angle of elevation of the helix
(knife blade) is quite large: f,=70°. With a drum radius of
R=0.25m, this corresponds to a surface pitch of H=4.3 m. If
there were only one knife on the drum, then for its contin-
uous operation, it would have to have a length of L=4.3 m.
L=0.72 m was taken, which requires mounting 6 knives on
the drum for continuous operation. The approximate sweep
of the sixth part of the full turn of the helical knife is close
to a straight strip. The small curvature of the knife blade
is also indicated by the radius found on a flat workpiece —
R,=9.07 m.With a blade length of s,=0.77 m and such a radi-
us, the workpiece can be replaced with a straight strip. How-
ever, the importance of the result is that it is directly related
to the process of bending the workpiece into the surface of
the knife. As its length increases, the effect of taking into
account the curved shape of the flat workpiece will increase.

Numerous studies have been devoted to the construc-
tion of developable surfaces. F. Tag & R. Ziatdinov (2023)
investigated developable ruled surfaces, which are formed
using the curvature axis of a spatial curve. The authors
analysed the geometric properties of such surfaces and
their construction. The work of A.S.M. Kamarudzaman &
M.Y. Misro (2024) is devoted to the comparison of envel-
oping developable surfaces constructed based on quintic
trigonometric Bezier surfaces. The study was conducted in
the context of evaluating their geometric properties for use
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in computer modeling and surface design. T.G. Nelson et
al. (2019) analysed how developable mechanisms can be
integrated into curvilinear structures while maintaining
the ability to fold and developable. This opens up new pos-
sibilities for creating flexible engineering solutions, par-
ticularly in robotics, aerospace, and biomedical devices.
The design of a helical blade of an agricultural tool from
a planar surface is proposed in the article by S. Pylypaka et
al. (2024). In this case, the planar surface can be precise,
which minimises deformation during bending, but in re-
turn, there is a significant limitation of the study. The main
difference in the design of surfaces in this work is that the
surface is non-planar.

The issue of constructing non-developable surfaces is
more complex from a mathematical point of view and is
of interest to many researchers. Scientists A. Bankova et
al. (2024) outlined a method for constructing intersection
lines at the transition of sheet material between different
surfaces,aswell as designing the sweep of such a surface. The
research is aimed at improving the processes of designing
and manufacturing parts from sheet materials in mechani-
cal engineering and construction. Research of L. Zawallich
& R. Pajarola (2024) is devoted to the method of develop-
able 3D models by approximating the mesh using surface
flows. The authors propose an algorithm that optimises the
developable process of complex geometric shapes, while
preserving their structure and minimising deformations.

E. Giiler & Y. Yayli (2023) considered the local isom-
etry of generalised helicoidal surfaces in four-dimension-
al space. The authors investigated the conditions under
which such surfaces are locally isometric to each other,
which is important for the geometry of multidimensional
objects and the theory of surfaces. The article of E. Giiler &
N.C. Turgay (2024) is devoted to the study of geometric iso-
metries of helical surfaces in five-dimensional Euclidean
space. The authors analyse the properties of such surfaces
and their behaviour under various transformations, which
is important for multidimensional differential geometry
and mathematical modelling.

A. Kumar et al. (2024) investigated multi-scale sur-
face folding during metalworking. The authors analysed
the mechanisms of fold formation and their impact on
the surface quality and characteristics of the machined
parts, which is important for optimising cutting process-
es in modern manufacturing. W. Zhang et al. (2024) pro-
posed an approach to selecting machining parameters
when milling helical surfaces, taking into account spindle
vibrations, to increase the efficiency and quality of ma-
chining in high-precision machining processes. Research
of I. Hevko et al. (2018) is devoted to the synthesis of meth-
ods for winding screw spirals, which is an important part
of the development and improvement of screw mechanism
manufacturing technology. The authors analysed various
winding methods that allow achieving optimal parameters
to ensure the effective operation of screw systems in vari-
ous industries, such as material processing or agriculture.
M. Pylypets et al. (2021) analysed the prerequisites for the

development of combined operations for the manufacture
of screw and auger blanks by the method of metal process-
ing by pressure. The authors considered the latest technol-
ogies that combine various processing methods to improve
the efficiency of manufacturing such blanks, in particular
to reduce material consumption and increase manufactur-
ing accuracy in modern mechanical engineering.

Research of O. Liashuk et al. (2019) is devoted to the
feasibility study of the manufacturing process of screw
working bodies to improve their manufacturing process.
S. Pylypaka et al. (2017) considered the bounding surfaces
of a one-parameter set of planes, as well as methods for
their construction and the construction of sweeps. The
authors focused their attention on the mathematical and
geometric aspects of creating such surfaces, which can be
useful for the development of new technologies in mechan-
ical engineering and architectural design. Zh. Li & J. Lig-
iang (2013) proposed an innovative approach to the design
and manufacture of combined propeller blades for use in
various industrial applications, in particular in turbine and
pump systems. This allowed for to improvement of the
technology of manufacturing propeller blades, increasing
the accuracy and efficiency of their operation. Ch.-M. Tan
& G.-Y.Lin (2016) proposed an innovative mould design for
the production of propeller blades for lawn mowers. The
authors developed effective methods for optimising the
casting process of such blades, which include improving
the quality of their manufacture and increasing the pro-
ductivity of the process.

V. Tarelnyk et al. (2019a) investigated the influence of
the main technological parameters on the microgeometry,
structure, and properties of electroerosion coatings creat-
ed using combined coatings and surface plastic deforma-
tion. The main attention is paid to improving the quality of
surface layers by optimising processing modes. Research by
V. Tarelnyk et al. (2019b) is devoted to the analysis of the
stress-strain state of the surface layer after surface plastic
deformation of electroerosion coatings. However, the influ-
ence of surface geometry on these characteristics was not
taken into account at the design stage, which creates pros-
pects for further scientific research in this direction.

Similar to this work V. Khropost & T.A. Kresan (2023)
considered finding the sweep of a section of a straight open
helicoid due to its bending onto a surface of revolution.
However, the description of the bending process was car-
ried out in a Cartesian coordinate system without involving
the vector equation of the surface and Frenet formulas. Ul-
timately, a result similar to that obtained in this study was
obtained, i.e., the surface of revolution is a single-cavity
hyperboloid. In addition, the construction of an approxi-
mate sweep was carried out for an entire turn without giv-
ing generalised formulas.

Thus, many scientific works are devoted to the study
of the properties, features of geometry, and methods of
constructing helical non-developable and expandable sur-
faces. At the same time, a significant part of these stud-
ies is mainly theoretical and is aimed at solving purely
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mathematical problems, without detailed consideration
of the practical aspects of their use in real structures and
technological processes. In contrast, within the framework
of this study, attention is focused not only on theoretical
principles but also on applied aspects, which makes it more
oriented towards solving engineering problems.

CONCLUSIONS

A mathematical model of the process of gradual bending
of the surface of a helical knife into a surface of revolu-
tion has been developed. For this purpose, the theory of
differential geometry regarding the bending of helical sur-
faces is used. It is based on the well-known position that
any helical surface can be bent into a surface of revolution
by reducing its pitch to zero. In this case, the helical lines
are transformed into parallels of the surface of revolution.
Based on this position, parametric equations of gradual
bending of a straight open helicoid into a surface of rev-
olution have been derived. These include the bending pa-
rameter p, which can be given constant values in the range
from unity to zero. At p = I, the equations describe the in-
itial helical surface, and at p =0, the surface of revolution.
At intermediate values of the parameter p from unity to
zero, the helical surface gradually bends into a surface of
revolution. In the obtained equations of gradual bending
of the surface corresponding to a helical knife, a transition
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with a drum radius R=0.25 m, an angular elevation of the
helix (knife blade) g, =70° and a knife length L=0.72 m, a
section of a one-sheeted hyperboloid of revolution was ob-
tained with a larger parallel of radius R,=0.229 m and a
smaller parallel r,=0.2266 m and a distance between them
h=0.095 m. These dimensions were taken as the dimen-
sions of a truncated cone, which closely approximates the
surface of a single-cavity hyperboloid. After that, an exact
sweep of the truncated cone was obtained, which is an ap-
proximate sweep of a helical knife. It is a flat ring with an
outer radius R,=9.07 m and an inner radius r,,=8.97 m.

The obtained result of constructing an approximate
sweep of a helical knife is directly related to the mathe-
matical model of the surface bending process, therefore, it
is logical. The prospects for further research are to study
the surface of helical blades for their improvement from a
geometric point of view and simplification of the manufac-
turing technology.
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dopMyBaHHA NMBUHTOMNOAIGHUX HOXKIB i3 MTOCKMX 3aroTOBOK
3a YMOBM MiHiManbHux gedopmauin

AHoTauis. Y KOHCTPYKILiSIX KOPMO306MPaTbHOI TEXHIKM BCE MIMPIIIe BUKOPUCTOBYIOTbCS TBUHTOIMOAIOHI HOXI, sIKi
JLeMOHCTPYIOTh Kpallli XapaKTepUCTUKM Pi3aHHS MOPiBHSIHO 3 TPaAULiMIHMMMU IJIOCKMMMU, IPOTE iX BUTOTOBIEHHS
YCKJIaHIOETHCSI HEPO3TOPTHOK (popMOIo oBepxHi. [Tpo6ieMa CTBOPEHHS TOYHOI IJIOCKOi 3arOTOBKM /IS TAKMX HOXKIB
3yMOBJIIOE TTOTPeOY B MaTeMaTUUYHOMY OTMKCi iX reoMeTpii. MeToo gocTigkeHHS 6y/10 BUSHAUYEHHS aHAITUYHOTO
CII0Co6Yy TT06YI0BY TIIOCKOI 3aTOTOBKM /IS TBMHTOIIOiGHOIO HOXKA 3 ypaxyBaHHSIM MiHiMalbHOTO OTIOPY ITPU TUIACTUYHI A
nedopmariii 3aroToBKu. /151 ZOCSITHEHHS IIOCTABI€HOI METH 3aCTOCOBAHO MeToau audepeHIianbHOi reoMeTpii, 30kpema
BEKTOPHMIT aHasi3 TBUHTOBMX ITIOBEPXOHb, ITOOYIOBa TpUrPaHHMKA DpeHe Ta aHaJi3 Mepiioi KBagpaTUIHOi Gpopmu
MoBepxHi. BCTaHOBJIEHO, 1110 Po60Ya ITOBEPXHS HOXKA € MPSIMUM BiIKPUTUM TeTiKOILOM, SKUit MOske 6yTH 3irHYTHUIA
y IOBepxHI0 06epTaHHSs 6e3 3MiHM Mepiioi kBaapaTuuHoi dopmu. [To6ygoBaHO MapamMeTpUUHi PiBHSIHHS 3TMHAHHS
MOBEPXHi HOXa 3 BUKOPUCTaHHSIM 3MiHHOTO IIapaMeTpa, 110 ONMCYE IIPOLecC TepeTBOPEeHHS relikoifa B OIHOIIOPOXKHUHHMIA
rinep6onoin o6epraHHs. [JoBeIeHO, 10 OCTaHHi i3 BUCOKOIO TOUHICTIO alIPOKCMMYEThHCS 3pi3aHMM KOHYCOM, PO3TOPTKA
SIKOTO BM3HAYAETHCS Yepe3 KOHCTPYKTUBHI mapameTpy Hoka. OTpuMaHo GopmMyin Ajis1 06UMCIeHHS] TeOMeTPUUHUX
PpO3MipiB pO3ropTKM 3a BilOMMMM ITapamMeTpaMy Hoska, 30KpeMa pafiiycaMy OCHOB i BUCOTOIO 3pi3aHOTo KoHyca. [TokasaHo,
1110 JOBXKMHA OYTH jie3a Ta LeHTPaIbHUI KyT, IK1it OKPeCTIOE 3ar0TOBKY, JO3BOJISIIOTh TOUHO omucatu ii dopmy. [TpakTiyHa
LiHHICTb JOC/iIKEHHS TIOJISITAa€ Y CTBOPEHHI e(heKTMBHOT MEeTOAMKY MOOYI0BY Ha61/IbIll TOYHOI TVIOCKOT 3arOTOBKY JIJIsT
BUTOTOBJIEHHSI TBUHTOIOAIOHOTO HOKA, 110 AO3BOJISIE MiHIMi3yBaTH omip npu GOpMyBaHHi, 3HU3UTU TPYLOMIiCTKICTB i
MiZBULIVTY TOYHICTh BUTOTOBJIEHHS AeTalleli oA pi6bHIOBaIbHMX 6apabaHiB
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