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Software and algorithmic support as part of regional systems
for monitoring the state of objects for calculation
of filtration through earthen hydraulic structures

Abstract. The basis for ensuring the safe operation of hydraulic structures is facility monitoring systems. The
introduction of software tools for diagnostic modelling of filtration flows into the software of such systems is an
objective step caused by recent real-life events. The aim of this study is to improve the accuracy of existing methods
for numerical modelling of two-dimensional stationary filtration flows using the mesh method in the software of the
facility monitoring system. The methods used in the study included the mesh method, the finite difference method, as
well as approximation methods and numerical algorithms. As a result of the study, it was found that the proposed method
of organizing the iterative computing process was effective and useful. Its application can significantly reduce the
complexity of software development, as it is based on the formalization and standardization of operations, which
simplifies the programming process. In addition, the use of conventional loop statements makes the process of writing
programmes more understandable and accessible to developers. The additional array used in the algorithm allows
easily changing the configuration of the grid boundaries and the order of operations for each node, which makes
the method flexible and suitable for various challenges. A special advantage of the algorithm is its logical simplicity,
which contributes to successful adaptation in the case of using multiprocessor systems. Thus, the results of the
study confirm the high efficiency and potential of the proposed method for use in practical computing tasks. The
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proposed method of iterative computation is of considerable practical importance in the field of software development
for numerical modelling, since its use simplifies the programming process and provides flexibility in working with
different problem conditions, which makes it an important tool for a wide range of research and practical applications

in hydraulic engineering and related fields

Keywords: object state monitoring systems; grid method; Darcy’s law; porous medium; finite difference principle;

iterative computing algorithm

INTRODUCTION

Ukraine faces a variety of challenges, including man-made
accidents, natural disasters, and other socio-economic
crises that require ensuring public safety and societal sta-
bility in emergency situations. Such situations can lead to
significant human losses, economic damage and negative
impact on infrastructure. Early warning of such situations
and competent management during the aftermath of the
consequences require comprehensive analysis, considera-
tion of various factors and accurate forecasting.

The relevance of this issue is underlined by the grow-
ing number of emergencies in the context of military op-
erations and global challenges, which require new strat-
egies and tools to effectively manage risks and minimize
possible consequences. In particular, hydraulic structures,
which include reservoirs, dams and canals, can become
potential sources of danger in emergency situations such
as accidents or floods. It is therefore important to devel-
op mathematical models to predict risk and manage such
situations. Such mathematical models can allow analysing
different scenarios, calculating the probability of negative
consequences and developing optimal response strategies
(Kupin et al., 2018).

It is important to bear in mind that failure to consider
such important aspects can lead to serious consequences.
Insufficient forecasting and management of emergencies
related to hydraulic structures can lead to human casual-
ties, material damage and environmental disaster. Lack of
proper planning and effective response measures can ex-
acerbate the situation and increase the threat to human
life and health. Thus, research on the development and
improvement of mathematical models for predicting emer-
gencies related to hydraulic structures is an urgent and
critical task. Understanding and studying these aspects will
ensure an effective system of public protection and mini-
mize risks to life and economy in the event of emergencies.

According to research by V. Pryshlyak & V. Dub-
chak (2020), in order to predict the possibility of emergen-
cies at hydraulic structures, one of the crucial areas is the
use of mathematical modelling methods, such as methods
for numerical solution of the Navier-Stokes equations. It
is noted that such equations are used to model the move-
ment of fluid in various hydraulic systems, including rivers,
reservoirs, and canals. These methods allow analysing and
predicting the movement of water, pressure distribution
at different points of the system, which helps in managing
and preventing possible negative consequences, such as
the destruction of hydraulic structures.

The study by Y. Ivanchuk et al. (2019) also noted that
the method of hydrodynamic modelling using the Navi-
er-Stokes equations can be used to simulate hydrodynam-
ic phenomena in rivers and reservoirs. Importantly, this
method can be highly effective in reproducing complex
hydrodynamic processes, such as turbulent flows, current
interactions, and the formation of hydrological regimes.
This makes hydrodynamic modelling an important tool for
predicting hydrodynamic processes and developing effec-
tive water management strategies.

In the study by O. Brazaluk et al. (2023), boundary el-
ement methods based on the idea of solving the equations
of fluid motion at the boundary of a domain were used to
model the movement of water inrivers and reservoirs. These
methods include approximation of internal values by find-
ing exact or approximate solutions only at the boundary of
the domain. It is emphasized that such methods avoid the
complexity of solving equations in the entire domain, re-
ducing the amount of computation and improving the effi-
ciency of numerical modelling of hydrodynamic processes.

In the work of O. Zakharchuk (2022), the author notes
that the finite difference method can be used to build nu-
merical models of water movement in reservoirs, taking
into account various hydrodynamic phenomena. These
models can accurately reproduce the movement of fluid
under various conditions, including the impact of hydrau-
lic structures and thermodynamic processes. Importantly,
the finite difference method can also be used to solve heat
transfer equations, which allows analysing the tempera-
ture fields of water in hydraulic systems.

According to O. Vorontsov et al. (2022), the finite differ-
ence method has several significant advantages. As a result
of the work, it is noted that one of the main advantages is
its high versatility and flexibility, which allows it to be used
for modelling. In addition, this method can provide stable
and reliable solutions in a wide range of conditions, includ-
ing complex geometries and different physical properties
of the medium. Its use allows for fast and efficient results,
especially when the computational parameters are proper-
ly selected (Miroshnyk et al., 2023). Since the above-men-
tioned studies did not pay sufficient attention to the nu-
merical modelling of two-dimensional stationary filtration
flows by the grid method, the aim of this work is to improve
these known methods. This work is based on an in-depth
study of the principles and algorithms of numerical model-
ling of filtration flows, which allows increasing the accuracy
and efficiency of prediction of hydrodynamic phenomena.
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MATERIALS AND METHODS

In the course of this study, such methods as the grid method
for solving two-dimensional stationary filtration flows, the
finite difference method, as well as approximation meth-
ods and numerical algorithms for calculating the values
of the potential function under physical conditions were
used. The numerical modelling of two-dimensional steady-
state filtration flows in hydraulic systems was carried out
using the grid method. Firstly, the region in which the solu-
tion was to be sought was considered and approximated by
a grid with a boundary. After that, the grid spacing was se-
lected, which allowed the differential equations to be re-
placed by difference analogues. A five-point template was
used to replace the second-order derivatives.

For each internal grid node, the value of the potential
function was calculated as the arithmetic mean of the func-
tion values in neighbouring nodes located at a distance of
step h. This iterative process was organized in such a way
that for each internal and external grid node, an additional
grid node was matched. Each node of this grid had a specif-
ic value that determined the actions and arithmetic opera-
tions for each node of the main grid. This approach reduced
the complexity of software development by simplifying the
process of writing code through the use of common loop
statements and formalization of operations. The use of an
additional array made it easy to change the configuration
of the grid boundaries and the order of operations for each
node. The logical simplicity of the algorithm contributes to
its successful adaptation for use in multiprocessor systems.

The method of finite differences was used to numer-
ically approximate the differential equations describing
physical processes in hydraulic engineering systems. This
method is based on the approximation of derivatives by
difference expressions and their subsequent use to calcu-
late the values of functions on a grid of points. By dividing
the domain into a grid and replacing the derivatives with
difference analogues, the problem of the differential equa-
tion was transformed into a system of algebraic equations
that could be solved and numerical results obtained. The
finite difference method made it possible to study the dis-
tribution of potentials, pressures and other parameters in
space and time, which is important for the correct under-
standing and modelling of hydrodynamic phenomena in
hydraulic structures.

The least-squares method and the method of succes-
sive approximations were also used to optimize the pa-
rameters of the mathematical models used in hydraulic
engineering studies. They allowed selecting parameter val-
ues that best fit the required data, ensuring the accuracy
and reliability of the modelling results. The least-squares
method was used to build regression models and solve lin-
ear approximation problems, while the method of succes-
sive approximations was used to iteratively solve nonlinear
problems and converge to the optimal solution. The use of
these methods helped to improve the accuracy and relia-
bility of the research results, and made the models more
adaptable to different conditions and input data.

In addition, various approximation methods and nu-
merical algorithms were also used to achieve the goal
(Hulianytskyi & Riasna, 2017). They were used to approxi-
mate continuous functions, such as domain boundaries or
boundary conditions. This approach made it possible to ob-
tain a discrete representation of the continuous quantities
required to solve the equations on the grid.

Finally, the study used various numerical methods for
solving Laplace’s equations and other differential equa-
tions. These methods were used to approximate the deriv-
atives and numerically solve the equations at the internal
points of the grid. The use of a combination of different
methods allowed obtaining more accurate and efficient re-
sults in modelling steady-state filtration flows in hydraulic
systems. Each of these methods contributed to the solution
of the problem and improved the quality and accuracy of
the calculations.

RESULTS

Hydraulic structures in Ukraine are an important element
of the engineering and technical infrastructure aimed at
solving a number of key tasks related to the management
of the country’s water resources. They were built to pre-
vent floods, which have historically caused huge material
damage to the national economy and resulted in human
casualties. Floods that regularly occur in Ukraine are often
catastrophic, so the creation of hydraulic structures has be-
come a necessity to ensure the safety of the population and
the country’s economic development (Nikitenko, 2020).

Another important function of hydraulic structures is
to regulate the flow of rivers, such as the Dnipro, Dniester,
Southern Bug, Siverskyi Donets and others. River flow re-
quires attention and control, as uncontrolled water levels
can lead to flooding, bank erosion and other negative con-
sequences. Hydraulic structures provide the ability to regu-
late water flows, which helps prevent excessive flooding or
drying up of rivers, maintaining ecological balance and en-
suring the rational use of water resources. It should also be
borne in mind that hydraulic structures perform an impor-
tant function in providing water to certain regions of the
country. Rural and urban settlements, industrial facilities,
as well as agricultural land, require stable access to water
for drinking water supply, production needs and irrigation.
Hydraulic structures, such as reservoirs and canals, provide
the ability to regulate the distribution of water resourc-
es, which is important for the sustainable development of
various sectors of the economy and the livelihoods of the
population.

The efficient operation of industrial enterprises is
extremely important for the economic development of a
country. However, even with full compliance with regula-
tions, a completely safe environment at industrial facilities
is not possible. For this reason, the Civil Protection Code of
Ukraine (2013), Law of Ukraine No. 2245-1IIT “On High Risk
Facilities” (2001) and Order of the Ministry of Regional De-
velopment, Construction, Housing and Communal Servic-
es of Ukraine No. 29 “On Approval of DBN B.2.5-76:2014
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‘Automated Systems for Early Detection of Emergency
Threats and Public Warning’“ (2014) stipulate the need to
implement automated systems for early detection of poten-
tialthreatsandrapid notification of the publicabout possible
emergencies. These measures are aimed at minimizing risks
and improving safety at industrial facilities, which is an im-
portant step in ensuring stability and protecting the public.

Sokolovskyi et al.

Hydraulic structures are a complex system of engi-
neering structures aimed at optimizing the use of water
resources and reducing the negative impact of the water
element. They include a variety of structures such as dams,
weirs, canals, locks, tunnels, and others that are used for a
variety of purposes, from power generation to improving
navigation and ensuring water supply (Table 1).

Table 1. Emergencies at Ukrainian hydraulic structures

Waterworks Date of the emergency Reasons Consequences
Dnipro HPP September 1948 Technical fault, deficiencies in operation Large human 10533;1&2;% serious material
Kaniv HPP 1979 Equipment malfunction, technical failure ~Human casualties and material damage
Kremenchuk HPP 2009 Technical failure, improper maintenance Large flooding on the territory of the
power plant
Dnipro HPP 2014 Poor coordination, weather conditions Damage to infrastructure, flooding
Horodok HPP 2017 Poor technical structure, natural factors Flooding (.)f territories, damage to
infrastructure
Dnipro HPP 2019 Insufficient planning work, natural Flooding of the surrour}dmg areas,
factors evacuation of residents
Kaniv HPP 2021 Insufficient planning work, natural Flooding of the §urroundlng areas,
factors damage to infrastructure

Note: HPP - hydroelectric power plant
Source: V. Sheremet & M. Kravtsov (2019)

Tailings ponds, as one of the hydraulic structures,
play an important role in the storage and treatment of
various types of waste, including radioactive, toxic and
other wastes, as well as mineral processing. However,
their importance is accompanied by potential hazards, as
accidents can have serious consequences. Hydrodynamic
accidents that can occur at hydraulic structures lead to
the formation of artificial floods and breakthrough waves.
These phenomena can lead to the destruction of build-
ings and structures, as well as the loss of life and animals,
and cause significant environmental damage. If radiation
and chemical hazardous facilities are present in the area
of the breakthrough wave, chemical and radioactive con-
tamination zones may be formed. This could lead to seri-
ous consequences for human health and the environment.
In addition, the destruction of hydraulic structures can
cause fires and explosions due to short circuits in electri-
cal networks and damage to fire and explosion hazardous
facilities. Therefore, hydraulic structures, playing an im-
portant role in the use of water resources and combating
the harmful effects of water, require a systematic approach
to safety and risk management to prevent potential emer-
gencies and minimize their consequences.

Ukraine’s hydropower facilities typically use earthen
dams made of sand, sandy loam, loam, clay, gravel, peb-
ble, and their mixtures, as well as rubble stone, which play
an important role in controlling water levels and manag-
ing water flows. Filtration is a process characterized by the
slow movement of liquids or other substances through a
porous medium under the influence of various factors.
In hydraulic structures, earthen dams in particular act as
filtration barriers that allow water to pass through them
(Maggay et al., 2021).

Taking into account the above factors, it should be
noted that the development of new mathematical models
of the filtration process and the improvement of mathe-
matical modelling algorithms play a critical role in en-
suring the efficiency and safety of hydraulic structures
in Ukraine. However, the understanding and forecasting
of these processes needs to be constantly improved and
enhanced. New mathematical models and algorithms al-
low better understanding the dynamics of seepage flows,
predict their development and effectively intervene in the
event of emergencies such as floods. Such new models and
algorithms can form the basis for developing more accurate
and efficient monitoring and control systems for hydraulic
structures. They will help to ensure a prompt response to
changes in filtration processes and make informed deci-
sions in a wide variety of situations that may arise during
the operation of hydraulic structures. When analysing fil-
tration flows in hydraulic structures, it is important to use
effective numerical analysis methods that allow obtaining
accurate solutions to complex mathematical problems.
One of these methods, the method of the theory of func-
tions of a complex variable, can be applied in some cases,
but it has its limitations.

The most versatile methods are numerical methods, in-
cluding the mesh method, the finite element method, the
method of major domains, the method of summation rep-
resentations, the method of dummy domains, and others.
For example, the mesh method is used to approximate dif-
ferential equations in different parts of space, which allows
obtaining a numerical solution to the problem. The finite el-
ement method is used to divide a region into a finite number
of elements, where a differential equation is solved on each
element. At the same time, each of these methods has its
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advantages and disadvantages that must be taken into ac-
count when using them (Long et al., 2021). Thus, the devel-
opment of new and improvement of existing methods for nu-
merical analysis of filtration flows is an important scientific
task.Thiswillimprove the accuracy and speed of solving com-
plex problems, as well as ensure more efficient management
and decision-making in the field of hydraulic structures.

Mathematical models of filtration flows are usually
based on Darcy’s law. This law was discovered and empiri-
cally established by the French engineer Henri Darcy in the
mid-19th century. He established the relationship between
the filtration rate and the hydrodynamic pressure gradient
in a porous medium. Darcy’s law allows describing the pro-
cess of filtration through a porous medium and understand
its characteristics, such as the rate of seepage of a liquid or
gas (Suarez-Grau, 2022). This law is fundamental in hydro-
dynamics and hydrogeology, and it is an important tool for
solving various engineering problems related to water flow
and filtration, as shown in (1):

=kl = —k¢
v=i = -k, M
where: k is the filtration coefficient; J is the piezometric
pressure gradient along the path S.

In this case, (2, 3):

dH

J=-% )

H=—"+zpg =), 3)

where p - hydrostatic pressure acting on the liquid; p -
density; y — specific gravity; g — gravitational acceleration;
z — height relative to the initial plane.

Thus, according to Darcy’s law (1), the head loss dur-
ing filtration through a porous medium is proportional to
the velocity of the liquid or gas through the medium. This
means that the higher the filtration rate, the greater the
head loss. It is also important to note that the filtration co-
efficient k is a parameter that determines the rate of seep-
age of a liquid or gas through a porous medium. It depends
on various factors, including the properties of the porous
medium, as well as the fluid that is filtered through it (4):

k= krpg
Hn

) 4)

where k, - is the filtration permeability of the medium; p is
the mass density of the liquid; p is the dynamic viscosity
parameter; g is the gravitational acceleration.

The diversity of porous media and the liquids that seep
through them results in different filtration coefficients.
The filtration coefficient of water, for example, can vary
depending on soil properties, depth of liquid penetration,
pressure and other factors. For this reason, typical values
of this coefficient are often used for ease and accuracy of
design and calculation (Table 2).

Table 2. Typical values of the filtration coefficient for different soils

No. Type of soil Filtration coefficient Unit of measurement
1 Gravel 102-101! cm/s
2 Coarse sand 102-10! cm/s
3 Fine sand 103-102 cm/s
4 Sandy loam 10°5-10* cm/s
5 Loam 107-10° cm/s

Source: A. Arifjanov et al. (2023)

When it comes to filtration in an anisotropic medium,
where the properties of the porous structure can vary de-
pending on the direction, certain peculiarities arise that
should be taken into account. For example, the linear re-
lationship between the filtration rate and the pressure
gradient remains valid. That is, as the pressure gradient
increases, the filtration rate also increases, and vice versa.
However, it is worth noting that in the case of an aniso-
tropic medium, the vectors corresponding to the direction
of the pressure gradient and the filtration rate may not
remain collinear. Thus, the direction in which the liquid
or gas moves may differ from the direction in which the
pressure in the medium changes. Such differences need to
be taken into account when analysing and modelling filtra-
tion processes in anisotropic media for more accurate re-
sults and predictions. A key role in creating the foundation
for mathematical modelling of hydromechanical filtration
processes was played by a system of equations to describe
various aspects of fluid movement in porous media (Khu-
jaev et al., 2019). This system of equations allows model-

ling filtration processes with high accuracy and allows tak-
ing into account various conditions and properties of the
medium (5-9):

+204+ -, =0, (5)

vy =0, (6)

1
5? Z-I'EUZ:O; (7)
a a a a
n g5 (v + o (ev) + 5 (v) =0, (8)
flp, H, T)=0. 9)

These models were proposed in the form of a system
of closed equations that allows describing non-stationary
processes of fluid filtration in undeformed soil. However,
it is important to note that these equations are applicable
only in the case of Darcy’s law. Particular attention should
be paid to the continuity equation and the equation of
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state. Thus, the continuity equation (8) takes into account
the soil porosity (n), which is an important characteristic
for determining the volume fraction of pores during filtra-
tion. In addition, the equation of state (9) establishes the
relationship between the fluid density (p), isothermal head
(H) and absolute temperature (T). This allows for a detailed
description of the fluid state and the relationship between
the various parameters, which is important for proper
modelling and understanding of filtration processes.

Integration of the system of equations (5-9), taking
into account specific boundary and initial conditions, with-
in the area where the filtration process takes place, allows
obtaining the values of projections of the filtration rate,
piezometric head and liquid density. The projection of the
filtration rate indicates the rate of movement of the liquid
through the pores and channels of the soil. The piezomet-
ric head reflects the pressure generated by the difference
in liquid levels at different points in the porous medium.
Fluid density allows determining the mass of fluid pres-
ent in a given volume of porous media, which is important
for understanding and modelling filtration processes. This
approach helps to understand the physical processes that
occur in a porous medium during filtration and to establish
relationships between various parameters of these pro-
cesses. In the case of incompressible homogeneous liquids,
the equation of state is given by (10):

p=const. (10)

In this case, the continuity equation will look like (11):
dvg | vy Oy _
Fal PN +5.=0 (11)

In the case where all parameters remain constant, i.e.,
with stationary filtration, using equations (5-7), (12-14)
will be obtained:

0H

v, = —k 5, (12)
a

v =~k T, (13)

v, = —k 2. (14)

If substituting equation (12) into equation (11), the re-
sult is (15):

5 (650 =5 (k5) 5 (k) =o.
Thus, when considering the filtration of a liquid in a
porous medium, the head H can be described by a homoge-
neous elliptic equation. This is possible provided that the
filtration coefficient k remains constant, indicating that
the soil is isotropic and homogeneous. In this case, the
equation describing the head distribution takes the form of
the Laplace equation (16):

(15)

2 2 2
AH=2H oH 00

ezt ozt o (16)
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Also, if defining the function ¢ as follows (17):

¢=-KH. (17)

Then, at a constant value of k (k= const), using equa-
tions (15) and (16), we have (18):
a%¢ a%¢ a%¢ - 0.

o= nt ozt o

(18)

That is, it should be noted that this function ¢ is har-
monic within the filtering region. Given this information, it
is important to understand that the points where the func-
tion ¢ has a constant value, form equipotential surfaces. In
the context of equation (17), these equipotential surfaces
are essentially surfaces of equal head. Thus, each point on
such a surface will have the same head. At the same time,
taking into account equation (17), it can be understood that
the filtration velocity vector at any point within the filtra-
tion area will be directed perpendicular to the surface of
equal head. This means that the direction of the water flow
at these points will be directed along the potential lines
corresponding to the gradient vector of the function ¢.

When considering the system of equations (5-9) in the
case of two-dimensional liquid filtration, the specific con-
ditions of this process in a limited area of space are taken
into account. In the context of in-plane filtration, when
the process takes place in a plane parallel to the XOY co-
ordinate plane, the system of equations takes the following
form (19-21):

v= k5, (19)
v = k%, (20)
R ! @1)
In this case, equation (18) will take the form (22):
Ap=22+52=0 (22)

Thus, when considering plane filtration flows, it will be
useful to use the flow function y equal to (23, 24):

_a

b=a (23)
a

V=2 (24)

In the case of such a description of v, the continuity
equation (21) actually becomes an identity, and equations
(12-14) yield (25, 26):

oH _ _10u
E_ k 9y’ (25)
oH _ 10w

o =k ox (26)

Also, given that k= const and the function ¢ (17), it
turns out that ¢ is related to y as follows (27, 28):
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9o _

ax — oy’ (27)
dp _ _a_w
= o (28)

After differentiating from equations (25) and (26), and
then subtracting equation (26) from (25), the following ex-
pression (29) is obtained:

—5Ga) G5 =0
So, it turns out that this equation describes the flow
function vy in the filtering region. It is also important that
the flow lines, where the value of the flow function is con-
stant (= const), are the key to analysing this motion. These
lines allow tracking the direction of fluid flow at each point
in the filtration area: the filtration velocity vector is always
tangential to the flow line that passes through that point.
At the boundaries of the filtration area, where the fluid
does not penetrate, the normal component of the velocity
should be zero, reflecting the impermeability of these sur-
faces (30):

29)

vV =0. (30)

In practical applications of modelling filtration pro-
cesses, the mesh method is often used (Zhu et al., 2021).
This method is known for its effectiveness in transform-
ing systems of partial differential equations into systems
of linear algebraic equations, which greatly simplifies their
solution. In most cases, the solution using this method is
carried out in 3 stages:

1. The first step in using the mesh method is to replace
the domain of continuously varying arguments with a fi-
nite, discrete set of points. For the two-dimensional case,
this set forms a difference grid containing both internal
nodes and nodes on the boundaries. The equations are
usually solved for the internal nodes, and the values of the
functions at the boundary nodes are set according to the
boundary conditions of the problem.

2. Next, the differential equations are replaced by their
difference analogues, which leads to a system of algebraic
equations. The number of these equations is proportional
to the number of internal nodes of the difference grid.

3. The resulting system of algebraic equations is usu-
ally of large order. The solution of such a system can be
achieved by various methods, but in practice, an iterative
approach is often used to find a solution.

To illustrate the method of meshes for solving systems
of equations, we should consider the Dirichlet problem for
a classical elliptic equation, namely the Laplace equation.
This problem involves setting boundary conditions to de-
termine the solution within a given domain:

00 V6= 0,5 ), (31)
where iG - is the boundary of the domain in which the
solution is to be found, and (x, y) satisfies equation (22) and
boundary condition (31) (Fig. 1). To compute the solution

on this domain, it is approximated using a mesh. The do-
main G is replaced by an approximate domain, G, which
consists of the internal nodes of the mesh and the bound-
ary G,.

At the first stage of mesh formation, the domain G of
the continuously varying argument is replaced by a mesh
G, where each internal node corresponds to a specific solu-
tion value. Given the boundary conditions, the boundary G,
which corresponds to the boundary of G. The grid spacing
can be different in different directions, but most often it
is the same in the x and y axes. This simplifies the calcu-
lations and makes them more efficient. Also, keep in mind
that if the grid spacing is too large, it may lead to insuffi-
cient accuracy of the solution.

G

7 Y

T 2eee>e
I —— — —

Figure 1. The domain G and its boundary,
in which it is planned to search for a solution
to the system of equations
Source: developed by the authors

In the context of the mesh method, nodes are the in-
tersection points of lines with fixed x and y values. These
nodes divide the area G into parts, which simplifies the
calculation of values at these points. In general, there are
internal and external (or boundary) nodes. The inner nodes
are located inside the domain G and have four neighbour-
ing nodes that also belong to this domain. In Figure 1,
they are denoted as circles. The outer nodes, in turn, lie
on the edge or boundary of the region G. They have only a
limited number of neighbours, since one or more sides of
these nodes may be outside the region G. On the grid, these
nodes are marked with black circles to distinguish them
from the interior nodes.

When proceeding to the numerical solution of the Lap-
lace equation, the Laplace operator is usually replaced by
a difference operator for computing on a grid. To replace
the second-order derivatives included in the Laplace op-
erator, we used a five-point calculation template based on
the function values at neighbouring grid nodes (Fig. 2).
This template allows approximating the second derivatives
with sufficient accuracy. In this case, it is usually assumed
that the grid spacing along the x and y axes is the same
and equal to h. This simplifies the calculations and ensures
uniformity in the numerical method, which makes it easier
to solve the equation on a computer (Catino et al., 2023;
Nguyen & Phuc, 2023).
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Q o(x,y+h)
o(x-h,y) P(X%,y) @(x+h,y)
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O (p(X’Y‘h)

Figure 2. Five-point calculation pattern
based on five points
Source: developed by the authors

Expanding the function into a Taylor series around
(x,y) yields (32, 33):

i) h? 92
p(xthy)= @xy) +hf+2 5%
h3 a3
+5 55+ 0Y), (32)
dp
o(x,y+h) = oY) thyo+
h? 9%p | h 3% 4
o aye T3 oy 0N (33)

Then, from equations (32) and (33), (34, 35) are obtained:

¢ _ ¢(xthy)-20(x )+ @(x—h.y) 2
i e + 0(h?), (34)
¢ _ pyth)-2¢(ey)+ p@y=h) 0(h?) (35)

ay? h2

Also, when using a five-point pattern, the Laplace op-
erator will look like (36):

¢(X+h7 .V)+§0(X+h) Y)+(/’(X+h, .Y)+¢(X+h’ .V) _4¢(X) Y)ZO (36)

Then, equation (36) is written in the form (37):

P, y)= i (p(xth,y)+o(x+h,y)+ox+h,y)+e(x+h,y).(37)

When implementing the iterative process to solve the
equation on the grid, for each internal node, the value of
the potential function ¢ (x, y) is calculated as the arithme-
tic mean of the values ¢ in the nodes located at a distance
h from the central node. The proposed algorithm of itera-
tive calculations for determining the values of the poten-
tial function for internal nodes at given values for external
(boundary) nodes involves the use of an additional grid that
has the same shape and dimension as the main difference
domain G. Each node of this additional grid has a certain
value, which is set before the start of the calculation and is
used as a control sign. For each inner and outer node of the
main grid G, it is proposed to establish a correspondence
with a node of the additional grid. This auxiliary grid node
determines what actions and arithmetic operations should
be performed for each node of the main grid G. Thus, the

Sokolovskyi et al.

use of an auxiliary grid allows effectively managing the
computation process and provides flexibility in choosing
operations for each node of the main grid depending on its
location and task properties.

The proposed algorithm can be implemented in dif-
ferent programming languages. The algorithm shown in
Figure 3 implements a fragment of the Python program
from Figure 4. To verify the performance of the proposed
algorithm, the depression line of an earthen dam on an im-
permeable foundation was calculated.

Set the initial values of arrays
¢ (n, m) and Control (n, m)

Set the permissible value of the
calculation error Amax

| n=0, m=0 |

[ o(n,m)=0,25(p(n-1,m)+p(n+1,m)+p(n,m-1)+p(nm+1) |

[ A=(¢'(n, m)-pn, m)lp'(n, m)x100% |

A>Amax?

Displaying the results:
array ¢(n, m)

Figure 3. Algorithm of the iterative computing process
Source: developed by the authors
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a

python
errors = {"cycle":[0],"value":[100]}
k=0
error = 100
accuracy = 0.005
dataMatrix = input
while error > accuracy:
error =0
k=k+1
newDataMatrix = np.zeros((rows,columns))
for 1 in range(rows):
for j in range(columns):
if control[i,j] ==0:
# print("1:".1,"j:" )
1f(i==1 and J = 16):

# print("Cycle:" k,"OLD" dataMatnx[x J]."NEW" newDataMatrix[1j])

newDataMatrix[i,j]
1j]+dataMatrix[ij+1]+dataMatrix[ij-1])/4
if abs(newDataMatrix[i,j]) == 0:
error = 100
else:

(dataMatrix[1+1 j]+dataMatrix[i-

tempError = (abs(newDataMatrix[1,j] - dataMatrix[i j])/abs(newDataMatrix[1j]))* 100

if tempError > error:
error = tempError

if tempError > 100:
# print("Cycle:

" k,"OLD" dataMatrix[i,j],"NEW" newDataMatrix[ij], "Error",

(abs(newDataMatrix[1,j] - dataMatrix[1,j])/abs(newDataMatrix[1]))* 100 )

else:
newDataMatrix[1,j] = dataMatrix[1,j]
dataMatrix = newDataMatrix
errors["cycle"].append(k)
errors["value"].append(error)

# print("Finish cycle " k." with error: ",error)

Figure 4. A fragment of a Python program

Source: developed by the authors

Two matrices were defined for the calculations: a con-
trol matrix and a data matrix. The values of the elements of
the control matrix (earthen dam on an impermeable base)

Figure 5. Values of the elements of the control matrix
(earthen dam on an impermeable base)
Source: developed by the authors

For clarity, Figure 7 shows the convergence graph of
the iterative process. The analysis of the graph allows
concluding that after the 200" cycle, the values of the
data matrix elements obtained as a result of iterative cal-
culations hardly change, and the convergence process is
short-lived.

are shown on Figure 5. The initial values of the elements of
the data matrix (earthen dam on an impermeable base) are
shown on Figure 6.

Figure 6. Values of data matrix elements
(earthen dam on impermeable base)
Source: developed by the authors

The graph of the depression line for the earth dam on
an impermeable base, which was obtained from the calcu-
lations, is shown on Figure 8. The analysis of the results
suggests that the depression line does not extend to the
downstream slope of the dam, and therefore no filtration
deformation will occur.
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Figure 7. Convergence graph of the iterative process
(earthen dam on an impermeable base)
Source: developed by the authors

The proposed method of organizing the iterative com-
puting process has several advantages that make it attrac-
tive for use:

1. Formalization and standardization of operations can
simplify the process of developing software for hydraulic
structures. Developers can concentrate on improving algo-
rithms and models instead of spending time on implemen-
tation details, which increases the efficiency and speed of
development.

2. The use of common loop statements makes the logic
of the iteration process clear and easy to reproduce. This
simplifies code debugging and allows developers to quickly
implement and test new ideas.

3.The use of an additional array to determine the order
of operations for each node provides flexibility in working
with mesh configurations. This allows easily changing the
grid boundaries and adjusting the calculation process to
meet the specific requirements of the task.

4. The logical simplicity of the algorithm contributes
to its successful adaptation for use in multiprocessor sys-
tems, which is important in the context of modern comput-
ing environments. This makes it possible to optimally use
the power of multiprocessor systems and accelerate calcu-
lations, reducing the time for solving complex hydraulic
engineering problems.

Thus, the proposed method of iterative calculations
for finding the values of the potential function is not only
effective but also quite versatile in its application to the
design and modelling of hydraulic structures. It allows
making the process of software development for hydraulic
engineering facilities simpler and more structured, pro-
vides flexibility in working with mesh configurations and
ensures easy adaptation for use in different computing en-
vironments, which is critical in hydraulic modelling. This
method opens up wide possibilities for solving complex
computational problems and studying various physical
phenomena arising in hydraulic engineering.

Sokolovskyi et al.
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Figure 8. Depression line graph
(earthen dam on impermeable foundation)
Source: developed by the authors

DISCUSSION

In today’s world, the role of hydraulic structures in provid-
ing water resources and controlling water flows is becoming
increasingly important. Earthen structures such as dams,
canals, and reservoirs play a crucial role in providing water
for industry, agriculture and urban consumption, as well as
regulating water flows to prevent floods and meet energy
needs. However, earthworks also face numerous challeng-
es, including seepage through their structures. Water infil-
tration through hydraulic structures can cause destruction
and damage, threatening the quality and safe operation of
these structures. In this context, the development of soft-
ware for calculating seepage through earthen hydraulic
structures is of great importance. Properly designed and
calculated systems can effectively minimize seepage risks
and ensure the safety and reliability of hydraulic struc-
tures. Such software will enable engineers and researchers
to perform accurate and reliable seepage analyses of hy-
draulic structures, opening up new opportunities for im-
proving their design, construction, and operation. Thus,
mathematical modelling methods are an integral part of
achieving accuracy and efficiency in predicting hydrody-
namic phenomena (Sachaniuk-Kavets’ka et al., 2022). They
can be used to create analytical and numerical models that
allow predicting the movement of water through hydraulic
structures, taking into account various hydrodynamic pro-
cesses occurring in the environment of earth structures. In
addition, mathematical modelling methods allow for vari-
ous sensitivity and statistical analyses to help understand
the impact of various factors on the operation of hydraulic
structures, as well as to predict and manage potential risks
and emergencies (Afgan et al., 2023). This approach is key
to ensuring the safety and efficiency of hydraulic struc-
tures in different conditions and circumstances.

The work of X. Gao et al. (2023) used the finite element
method to predict emergencies in hydraulic structures. By
solving the filtration, the finite element method showed
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the ability to take into account the various physical pro-
cesses occurring in the system. Also, a particular advantage
of the finite element method was its ability to adapt to dif-
ferent conditions. It is noted that it can be used to model
different types of hydraulic structures and in different geo-
graphical conditions. Such an approach can ensure not only
the safety and stability of hydraulic structures, but also al-
low optimizing their efficiency while minimizing risks and
costs. Comparing the results of this study with those of the
researchers, it should be noted that both studies reflect
significant progress in the use of mathematical modelling
for forecasting emergencies at hydraulic structures, but
apply different approaches and methods. In contrast to
the work of the researchers using different mathematical
models, including Laplace’s equation and Darcy’s law, this
study developed and proposed an effective method that
allows for versatility in applying it to different hydraulic
structures and processes. In general, both approaches can
be complemented and applied depending on specific needs
and circumstances, providing a comprehensive and reliable
modelling of hydraulic structures and their operation.

The work of S. Sun et al. (2020) also used the finite
element method, which allowed for detailed modelling of
hydraulic structures and their environment. This method
allows for the consideration of complex geometric config-
urations of structures, material properties, and hydrody-
namic conditions that affect the movement of fluid through
the system. The use of the finite element method in the
work of the researchers made it possible to study various
aspects of filtration and pressure distribution in hydrau-
lic structures, which allowed for accurate predictions and
the development of effective measures to prevent possible
emergencies. It allowed us to consider in detail the inho-
mogeneities and asymmetries in the geometry of hydraulic
structures, as well as to take into account various hydro-
dynamic phenomena such as turbulence and heat transfer.
It should be noted that in this study, similar to the work
of the researchers also used the finite element method to
model hydraulic structures and their environment. In the
work of the researchers, the finite element method allowed
for a detailed study of various aspects of filtration and
pressure distribution in hydraulic structures, taking into
account complex geometric configurations of structures,
material properties, and hydrodynamic conditions. This
has helped to develop effective measures to prevent possi-
ble emergencies and enabled accurate forecasts to be made.
In this study, the use of the iterative computing method
for modelling hydraulic engineering problems also yielded
significant results. This method allowed for the efficient
modelling of filtration flows and the consideration of var-
ious physical conditions such as turbulence and viscosity
(Moldabayeva et al., 2021). Although the proposed method
is not as detailed in taking into account the geometric de-
tails of structures as the finite element method, it allows
focusing on a wide range of hydraulic engineering prob-
lems and quickly developing effective solutions for them.

In the study by E. Mahiques et al. (2023), authors
used the finite element method to perform mathematical
modelling of filtration processes with great accuracy. This
method, which is based on numerical calculations, made it
possible to take into account complex geometric configura-
tions, soil properties, and hydrodynamic conditions of flu-
id movement in the system. The use of the finite element
method in the study by the researchers made it possible to
conduct a detailed analysis of the impact of various fac-
tors on the filtration process. In particular, it was possible
to investigate the influence of geometric parameters of
hydraulic structures, such as shape and size, on pressure
distribution and liquid penetration. Also, the influence of
hydrodynamic conditions, such as the speed and direction
of fluid movement, on the efficiency of filtration process-
es was taken into account. Analysing the results of the re-
searchers, it should be noted that a particular advantage
of the finite element method was the ability to conduct a
detailed analysis of the impact of various factors on the fil-
tration process, including the geometric parameters of hy-
draulic structures and hydrodynamic conditions. In turn,
this study used the method of iterative calculations to find
the values of the potential function in hydraulic engineer-
ing problems. Although this method is not as detailed in
taking into account the geometric details of structures as
the bounded element method, it is more versatile and ad-
aptable to a wide range of hydraulic engineering problems.
Taking into account the peculiarities of both approaches,
it can be noted that the finite element method is detailed
and effective for detailed analysis, while the iterative com-
putation method is more general and can be applied to a
wide range of hydraulic engineering problems (Cherniha et
al., 2016). The choice of method depends on the specific
needs of the study and time and resource constraints.

In the work by M. Cremonesi et al. (2020), it was noted
that the bounded element method has significant advan-
tages over other approaches, as it allows for accurate con-
sideration of the complex geometry and inhomogeneities
in hydraulic structures that may occur in real conditions.
In addition, it was found that the bounded element method
provides high accuracy of the modelling results and allows
analysing the impact of various factors on the filtration
process. In particular, it made it possible to take into ac-
count variable hydraulic conditions, including different
fluid flow rates and directions, as well as different bound-
ary conditions at the boundaries of hydraulic structures.
One of the key features of the finite element method, as
noted by the researchers is its ability to accurately account
for complex geometries and inhomogeneities in hydraulic
structures. This makes it particularly useful for model-
ling real hydraulic structures where a variety of geometric
features may occur. However, it is worth noting that the
finite element method can be computationally intensive
and time-consuming to perform calculations, especially
in the case of large and complex hydraulic systems (Dy-
vak et al., 2022). This may be a limitation for the use of this
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method in some cases where computational speed is of the
essence. In addition, the successful application of the finite
element method requires detailed data on the geometry
and material properties of hydraulic structures, which can
be a challenge in some situations.

In the work by M. Wu et al. (2020), the finite element
method was used to model two-dimensional stationary
filtration flows through earthen hydraulic structures. It
is emphasized that the use of the finite element method
made it possible to optimize the calculations and reduce
the computational complexity of the model. This allowed
for faster and more efficient results, which is important for
practical applications in the field of hydraulic engineering.
The results of the study showed that the finite element
model allows for accurate reproduction of filtration pro-
cesses in hydraulic structures of various configurations and
sizes. Compared to the work of the researchers this study is
aimed at developing a method of iterative calculations to
find the values of the potential function in hydraulic engi-
neering problems. Comparing these studies, it can be noted
that both have their advantages. However, it is important
to note that the present study is more focused on the it-
erative computation method, which is aimed at improving
the known methods of numerical modelling, in particular
for two-dimensional stationary filtration flows through
hydraulic structures. This approach allows achieving ac-
curate results with minimal computational complexity and
contributes to more efficient use of computing resources.
Thus, both approaches have their advantages and can be
useful in different scenarios and for solving different prob-
lems in the field of hydraulic engineering.

In general, the research conducted within the frame-
work of the analysis of software for calculating filtration
through earthen hydraulic structures is an important con-
tribution to the field of hydraulic engineering and hydrol-
ogy. The results of these studies demonstrate a high level
of efficiency and accuracy of numerical modelling, which
allows for forecasting and developing measures to prevent
possible emergencies at hydraulic structures. The use of
different mathematical modelling methods underlines
the importance of a multidisciplinary approach to solv-
ing problems in this area. Such studies provide valuable
guidance for the development and improvement of soft-
ware tools used to analyse and model hydraulic systems,
ensuring the safety and stability of hydraulic structures
and contributing to the optimization of their design and
performance.

CONCLUSIONS

As a result of this study, software based on the method of
iterative calculations was developed to find the values of
the potential function in hydraulic engineering problems.
This method proved to be effective and quite versatile in its
application to various hydraulic structures and processes.
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The implementation of the proposed method can signifi-
cantly simplify the process of developing software for the
analysis and modelling of hydraulic systems. The proposed
method makes it possible to implement software for diag-
nostic modelling of filtration flows in the body of earth-
en hydraulic structures. The main goal of the work was
achieved through the use of various mathematical models,
including the Laplace equation. The study also used such a
law as Darcy’s law, which describes the movement of fluid
in porous media. Darcy’s law was used to describe filtration
processes in porous media and to determine the filtration
coefficient, which characterizes the permeability of a liquid
through a porous medium. This law is one of the main tools
in hydrodynamics and hydraulic engineering for calculat-
ing fluid flows through soil, including problems related to
water supply, drainage, and other hydraulic structures.

In general, the combination of Darcy’s law, Laplace’s
equations, and other physical laws together with numerical
approximation methods has allowed the development of ef-
ficient and accurate mathematical models for the analysis
and modelling of various hydraulic systems and processes.
Thus, formalization of operations and standardization of
approaches can allow developers to focus on the algorith-
mic aspects of the problem, which speeds up the develop-
ment process and increases productivity. The use of com-
mon loop statements makes the method understandable
and accessible to developers. The logic of the iterative pro-
cess becomes easy to understand, which contributes to the
rapid development and maintenance of software. The use of
an additional array to determine the order of operations for
each node allows changing mesh configurations and adapt-
ing the method to various hydraulic engineering problems.
This provides flexibility in dealing with different types of
problems and allows for efficient solution of complex hy-
draulic engineering challenges. In general, the method of
iterative calculations for finding the values of the potential
function in hydraulic engineering problems opens up wide
opportunities for solving complex computational problems
and studying various physical phenomena in hydraulic en-
gineering. It should also be noted that due to the imple-
mentation of the proposed iterative method, the accuracy
of calculations sufficient for practical use was achieved.

Directions for further research in this area may include
further refinement of the iterative computation method,
extension of the application to a variety of hydraulic sys-
tems and conditions, and the possibility of combining this
method with other technologies, opening up new perspec-
tives in solving complex hydraulic problems.
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MporpaMHo-anropuTMivyHe 3a6esneyeHHs
Yy CK/aAi perioHasibHMX CUCTEM MOHITOPUHIY CTaHy O6’eKTiB
Ana po3paxyHKy ¢inbrpauii Kpisb 3eMngaHi rigpocnopyau

AHoTauia. OcHOBOIO 3a6e3meyeHHs 6€3MeYHO01 eKCITyaTallii riipoCnopys € CUCTeMU MOHITOPUHTY CTaHy 06 €KTiB.
BripoBazskeHHS B CK/Ia[L IPOrPamMHOro 3abe3MeueHHsI TAKUX CUCTeM ITPOrpaMHMX 3aC0o0iB AJIS AialrHOCTMYHOTO MOJe/TIOBAHHS
dinbTpaniiiHux Teuiii — e 06’eKTMBHMI KPOK, BUKIMKAHMIT PeaTbHUMU MOAISIMM OCTAaHHBOTO Yacy. MeTol0 JaHOTo
IOCTiIKEeHHSI € TOKpaleHHsI TOYHOCTI B3Ke iCHYI0UMX MeTOZiB AJIsl YMCeTbHOTO MOJETIOBAHHS JBOBUMIPHMX CTALliOHAPHMUX
dinpTpaniiinux Teuiit 3a JOTOMOT0I0 METOAY CiTOK Y CKJIaJli TPOrpaMHOro 3a6e3MeyeHHs CUCTeMY MOHITOPUHTY CTaHy
006’ekTy. MeTozu, 1110 BUKOPUCTOBYBAIMCS B XOA1 TOCTIIKeHHSI, BKIIOYAIN B ce6e MeTOZ, CiTOK, METOJ, CKiIHU@HUX Pi3HUIIb, a
TaKOX METOM alTPOKCMMAIIii Ta UMCeIbHI aIrOpUTMM. B pe3ynbraTi JoctiakeHHs 6y/10 BCTAHOBJIEHO, IO 3aIIPOITOHOBAHMIA
croci6 opranisarii iTepawiiiHOro 06uKCI0BaILHOIO IpoLiecy BUSBMUBCS edeKTMBHUM Ta KOPUCHMUM. Vloro sacTocyBaHHs
JIO3BOJISIE 3HAYHO 3MEHIIUTY CKJIAAHICTh PO3POOKM IIPOrpaMHOro 3abe3reueHHsI, OCKiJIbKY BiH 6a3yeThcst Ha hopmaisariii
Ta CTaHAAPTMU3allii omeparliit, 110 CIIPOIILYe Mpoliec MporpaMmyBaHHs. KpiM Toro, BUKOpUCTaHHS 3BMYATHMUX OTIepaTopPiB
LMKy POOUTD MPOLieC HaMMCaHHS porpam GisbIl 3pO3yMiIMM Ta JOCTYITHUM i PO3POOHMKIB. I0faTKOBMIT MacuB, SIKMii
BUKOPUCTOBYETHCS B aATOPUTMI, JO3BOJISIE 3 JIETKICTIO 3MiHIOBATY KOH}Irypallito rpaHMIlb CiTKOBOI 06/1aCTi Ta MOPSIIOK
BUKOHAHHS Oreparliii 151 KOKHOTO By3J1a, [0 POOUTb MeTOJ, THYYKMM Ta MPUAATHUM JAJIs1 Pi3HOMaHITHUX BUKJIMKIB.
Oco61MBOIO TIePeBaroo aJroOPMUTMY € 0ro JoriuHa MPOCTOTAa, L0 CIPUSIE YCIIMIHI aganTanii y BUMaaKy BUKOPUCTAHHS
6araTonporecopHux cucrem. TakuM YMHOM, pe3yIbTaTy JOCTiIKeHHS MMiJTBe PIKYIOTh BUCOKY e(DeKTUBHICTb Ta MOTeHLIial
3aMpPOINIOHOBAHOTO METOAY IJIs BUKOPUCTAHHS Y MPaKTUUHUX 00UMCTIOBAIbHUX 3aBAAHHSIX. 3alIPOIIOHOBAHMIT METO
iTepauiitHMX 06UMCIeHb Ma€ 3HaYHe MPaKTUYHe 3HAUeHHSI B Talmy3i po3po6KyM MPOrpaMHOTO 3a6e3MeueHHs 1151 YMCeTbHOTO
MOZeTIOBaHHS, aJke 10ro BUKOPUCTAHHSI CIIPOIIYE MIPOLeC porpamMyBaHHsI Ta 3abe31euye rHyuKicTb y po60Ti 3 pisHUMU
yMOBaMM 33724, 0 POOUTDH J10T0 BaSKIMBUM iHCTPYMEHTOM JJIs IIMPOKOTO KOJa AOCTiAKeHb Ta MTPAKTUUYHMX 3aCTOCYBaHb
B TiIPOTEXHilli Ta CyMDKHUX Tamy3sx

Knio4oBi cnoBa: cucTeMy MOHITOPUHTY CTaHy 06’€KTY; METO[ CiTOK; 3aKOH Jlapci; mopucTe cepemoBuiie; MPUHIUIT
CKiHYEHUX Pi3HMILIb; &ATOPUTM iTepaliifH1X 06UMC/IeHb
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