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Optimization of the joint startup of the boom  
and load hoisting mechanisms of a jib crane

Abstract. During the joint motion of the boom and load hoisting mechanisms, dynamic loads increase, leading to 
additional energy consumption, which subsequently contributes to the deterioration of the crane’s structure. The aim of 
the research was to enhance the efficiency of the jib crane by optimising the joint startup modes of the boom and load 
hoisting mechanisms, which will minimise energy consumption. To achieve this aim, methods of analytical mechanics, 
variational calculus, and a modified particle swarm optimisation metaheuristic method were used. As a result of using 
these methods, the joint startup of the boom and load hoisting mechanisms was optimised. The joint motion of the crane 
mechanisms is represented by a dynamic model with four degrees of freedom, which accounts for the main motion of the 
mechanisms, as well as the elastic oscillations of the load hoisting mechanism’s drive and low-frequency oscillations of the 
load on a flexible suspension. Based on the dynamic model, a mathematical model in the form of a system of second-order 
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Optimization of the joint startup of the boom...

In the work by T. Yang et al. (2020), adaptive control against 
the swinging of a ship crane with roll movements has been 
implemented based on the developed neural network. The 
study by R. Buczkowski & B. Żyliński (2021) demonstrates 
that reducing dynamic loads and swinging of the load on a 
flexible suspension increases the reliability of jib cranes. 
Dynamic loads and swinging of the load on a flexible sus-
pension also affect its positioning accuracy during load-
ing, unloading, and assembly operations (Kovalenko  et 
al.,  2023). During the simultaneous operation of drive 
mechanisms, dynamic loads in the structural elements 
and the drives of jib cranes significantly increase. In the 
scientific work by O. Podoliak et al. (2021), modelling and 
investigation of the dynamics of the combined motion of 
the mechanisms for load hoisting, changing its outreach 
and rotation have been carried out. The dynamics of a 
double-jib crane with a nonlinear PID (proportional-inte-
gral-derivative) control system were investigated in a study 
by N. Sun et al. (2019).

The analysis of the conducted research shows that 
considerable attention has been devoted to studying the 
dynamics of overhead cranes and the methods of their con-
trol. Consequently, these issues remain relevant and require 
further investigation, particularly concerning the com-
bined motion of the boom and load hoisting mechanisms.

Based on the above, this research aimed to enhance 
the efficiency of the crane’s boom and load hoisting mech-
anisms by optimising the operational modes of the drive 
mechanisms. This optimisation minimises the impact of 
dynamic loads and energy consumption while also reducing 
high-frequency oscillations of the structural elements and 
pendulum oscillations of the load on a flexible suspension.

MATERIALS AND METHODS
The joint operation of the boom and load hoisting mecha-
nisms of a jib crane was represented by a discrete dynamic 
model (Fig.  1). In this model, the boom 1 was represent-
ed as an absolutely rigid link that rotated about the lower 
hinge with a moment of inertia J1 relative to the rotation 
axis. It was driven by a hydraulic cylinder 2, which gener-
ated the torque M1 about its axis of rotation. The hoisting 
of load 3, with the mass m, was carried out by a hoisting 

INTRODUCTION
To increase the productivity of jib cranes, the movements 
of the boom and load hoisting mechanisms are combined. 
During the simultaneous startup of these mechanisms, 
increased dynamic loads and oscillations arise in the ele-
ments of the crane boom system. The greatest undesirable 
impact of these loads occurs when the boom and load hoist-
ing mechanisms undergo simultaneous transient process-
es (startup, braking, or speed changes). In this case, spatial 
oscillations of the load on a flexible suspension increase, 
leading to higher energy consumption, decreased reliabil-
ity of the crane boom system, and complications for both 
operating personnel and crane operators. As a result, the 
problem of selecting startup modes for the boom and load 
hoisting mechanisms arises, aiming to minimise dynamic 
forces and eliminate oscillations in the structural elements 
and the load on a flexible suspension. The effectiveness of 
jib cranes depends on the magnitude of the dynamic loads 
acting on the structural elements and the nature of their 
variation over time.

Considerable attention has been devoted to the study 
of the motion dynamics of overhead cranes, including jib 
cranes. The paper by J. Ye & J. Huang (2023) has been in-
vestigated the dynamics of cargo transportation by crane 
reloaders. In this paper, a dynamic model of a tower crane 
is developed. An equation for predicting coupled-system 
frequencies is then presented based on the analytical mod-
el. Additionally, a hybrid piecewise smoother is proposed 
to filter out coupled oscillations among jib deflection, 
load swing, and load twisting.The authors of the article 
M.M. Bello et al. (2024) present modelling and analysis of 
the dynamic characteristics of a double-pendulum over-
head crane. The analysis of the dynamic characteristics of 
the crane can be useful for developing efficient controllers. 
The work by M. Michna et al. (2020) is dedicated to model-
ling the dynamics of the movement of a tower crane when 
testing the operation of individual crane mechanisms. The 
study of the motion dynamics of an overhead crane with a 
new wheel design is the subject of the work by N. Fidrovs-
ka  et al.  (2021), where stresses in the crane structure el-
ements are determined. In the work by R. Miranda-Colo-
rado  (2021), an anti-sway observer for 2D crane systems 
during hoisting and lowering of loads has been developed. 

differential equations was constructed, which was then reduced to a system of two fourth-order equations. The synthesis 
of the optimal startup mode of the mechanisms was carried out according to the criterion of the root mean square value 
of the total power of the drives, taking into account the constraints on the driving torques of the drives. The constrained 
optimisation problem was reduced to an unconstrained optimisation problem by developing a generalised criterion. The 
nonlinear problem of optimising the joint startup mode for the boom and load hoisting mechanisms of the crane was 
solved using a modified particle swarm optimisation metaheuristic method. As a result of the optimisation, startup modes 
for the boom and load hoisting mechanisms were obtained that minimise the total power of the drives and eliminate low- 
and high-frequency oscillations of the crane’s structural elements, which leads to increased reliability and reduced energy 
consumption. This mode is recommended for use in the control systems of crane boom and load hoisting mechanisms

Keywords: dynamic model; mathematical model; optimisation criterion; nonlinear optimisation problem; energy 
consumption
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mechanism drive, which was reduced to the drive drum 4 
with the moment of inertia of the model J2. A rope with a 
stiffness coefficient c of a single tackle 5 with n multiplicity 
is wound onto drum 4 at one end and attached to the boom 
head at the other.

as a mechanical system with four degrees of freedom. The 
generalised coordinates of this system were taken as the 
angular coordinates of the boom rotation α and the drum 
rotation β, as well as the linear coordinates of the length 
of the flexible suspension of the load u and its outreach x.

The angular coordinate of the load deviation from the 
vertical was determined by the following expression:

 

𝑣𝑣𝑣𝑣 = 𝑥𝑥𝑥𝑥−𝐿𝐿𝐿𝐿 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝛼𝛼
𝑢𝑢𝑢𝑢

  ,                                   (1)

where L – the boom length.
The vertical coordinates of the centres of mass of the 

boom and the load were also determined:

y1
 = l · sinα,                                       (2)

y = L · sinα - u · cosv,                               (3)

where l – the position of the centre of mass of a boom rela-
tive to its lower hinge.

To construct a mathematical model of the combined 
motion of the boom and load hoisting mechanisms, sec-
ond-order Lagrangian equations were used:

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼̇𝛼𝛼𝛼
− 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝛼𝛼𝛼𝛼
= 𝑀𝑀𝑀𝑀1 −

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝛼𝛼

,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛽̇𝛽𝛽𝛽
− 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝛽𝛽𝛽𝛽
= 𝑀𝑀𝑀𝑀2 −

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛽𝛽𝛽𝛽

, 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑢̇𝑢𝑢𝑢
− 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢
= −𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢
,  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥̇𝑥𝑥𝑥
− 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥
= −𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥
.     (4)

Here Т, П – the kinetic and potential energy, respec-
tively. These were defined as follows:

 

𝑇𝑇𝑇𝑇 = 1
2
𝐽𝐽𝐽𝐽1𝛼̇𝛼𝛼𝛼2 + 1

2
𝐽𝐽𝐽𝐽2𝛽̇𝛽𝛽𝛽2 + 1

2
𝑚𝑚𝑚𝑚(𝑢̇𝑢𝑢𝑢2 + 𝑥̇𝑥𝑥𝑥2)  ,                 (5)

𝛱𝛱𝛱𝛱 = 1
2
𝑐𝑐𝑐𝑐(𝛽𝛽𝛽𝛽 𝛽 𝛽𝛽𝛽𝛽 𝛽 (𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢)𝑛𝑛𝑛𝑛)2 + 

+(𝑚𝑚𝑚𝑚1𝑙𝑙𝑙𝑙 +𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝑔𝑔𝑔𝑔 𝑔 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝛼𝛼𝛼𝛼 𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼       𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 𝑣𝑣𝑣𝑣 .            (6)

Here m1 – the mass of a boom; g – the acceleration due 
to gravity; u0 – the length of a flexible load suspension at 
the beginning of the movement; v – the angular coordinate 
of a flexible load suspension’s deviation from the vertical; 
r – the radius of the drive drum of the load hoisting mech-
anism. Taking the derivatives of expressions (5) and (6), ac-
cording to system (4), the following results were obtained:

 

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝜕𝜕𝜕𝜕𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝜕𝜕𝜕𝜕𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝜕𝜕𝜕𝜕𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 0  ,                           (7)

 

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝛼̇𝛼𝛼𝛼

= 𝐽𝐽𝐽𝐽1𝛼̇𝛼𝛼𝛼,  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝛽̇𝛽𝛽𝛽

= 𝐽𝐽𝐽𝐽2𝛽̇𝛽𝛽𝛽,  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑢̇𝑢𝑢𝑢

= 𝑚𝑚𝑚𝑚 ⋅ 𝑢̇𝑢𝑢𝑢,  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑥̇𝑥𝑥𝑥

= 𝑚𝑚𝑚𝑚 ⋅ 𝑥̇𝑥𝑥𝑥 ,          (8)

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼̇𝛼𝛼𝛼

= 𝐽𝐽𝐽𝐽1𝛼̈𝛼𝛼𝛼, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜙̇𝜙𝜙𝜙

= 𝐽𝐽𝐽𝐽2𝛽̈𝛽𝛽𝛽, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑢̇𝑢𝑢𝑢

= 𝑚𝑚𝑚𝑚 ⋅ 𝑢̈𝑢𝑢𝑢, 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑥̇𝑥𝑥𝑥

= 𝑚𝑚𝑚𝑚 ⋅ 𝑥̈𝑥𝑥𝑥 ,(9)

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= (𝑚𝑚𝑚𝑚1𝑙𝑙𝑙𝑙+𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝑔𝑔𝑔𝑔 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝛼𝛼 + 𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔𝑚𝑚𝑚𝑚 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑣𝑣  ,          (10)

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝑐𝑐𝑐𝑐 ⋅ 𝑟𝑟𝑟𝑟(𝛽𝛽𝛽𝛽 ⋅ 𝑟𝑟𝑟𝑟 − (𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢)𝑛𝑛𝑛𝑛)  ,                    (11)

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝑐𝑐𝑐𝑐 ⋅ 𝑛𝑛𝑛𝑛(𝛽𝛽𝛽𝛽 ⋅ 𝑟𝑟𝑟𝑟 − (𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢)𝑛𝑛𝑛𝑛) −𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑣𝑣 − 𝑢𝑢𝑢𝑢 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝑣𝑣𝑣𝑣)  , (12)

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑣𝑣  .                             (13)

Figure 1. Dynamic model of a jib crane
Note: 1 – boom, 2 – hydraulic cylinder, 3 – load, 4 – drive 
drum, 5 – single tackle, x – generalised coordinate of the 
load outreach, z – horizontal coordinate of the boom 
outreach, y – vertical coordinate of the load position, y1 – 
vertical coordinate of the boom’s centre of mass, s – working 
length of the hydraulic cylinder, b, λ – length of the strut 
from the lower hinge of the boom to the axis of the hydraulic 
cylinder’s rod attachment and its inclination relative to 
the boom axis, a – length of the strut from the lower hinge 
of the boom to the axis of the hydraulic cylinder’s rod 
attachment and its inclination relative to the boom axis, u – 
length of the flexible load suspension, с – centre of mass of 
the boom, α – angular coordinate of the boom rotation, β – 
angular coordinate of the drum rotation, L – boom length, 
l – position of the centre of mass of a boom relative to its 
lower hinge, v  angular coordinate of the deviation of the 
load on a flexible suspension from the vertical, r – radius of 
the drive drum of the load hoisting mechanism, M1 – driving 
torque of the boom hoisting mechanism, M2 – driving torque 
of the load hoisting mechanism
Source: compiled by the authors

1

5

32

4

L

l

b

C

x
z

M2

C

β

r

M
1  

s

y 1

y

λ

α

a

u

v

The provided dynamic model of the combined motion 
of the boom and load hoisting mechanisms was represented 
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Taking into account that the angular deviation coordi-
nate of the flexible suspension of the load v did not exceed 
12 degrees, it was assumed that sin v = v and cos v = 1. Fur-
thermore, the following substitution was made:

p = x - Lcosα.                                  (14)

Based on the above and considering dependency (1) 
and its derivatives the generalised coordinates, expres-
sions (10), (12), and (13) took the following forms:

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= ((𝑚𝑚𝑚𝑚1𝑙𝑙𝑙𝑙+ 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝛼𝛼 + 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝
𝑢𝑢𝑢𝑢
𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝛼𝛼)𝑔𝑔𝑔𝑔  ,           (15)

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 − (𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢)𝑐𝑐𝑐𝑐)−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚�𝑝𝑝𝑝𝑝
2

𝜕𝜕𝜕𝜕2
+ 1�  ,          (16)

 

𝜕𝜕𝜕𝜕П
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝𝑝𝑝
𝑢𝑢𝑢𝑢

  .                                    (17)

As a result of substituting expressions (7), (9), (11), 
(14)-(17) into the system (4), the differential equations 
governing the combined motion of the boom and load 
hoisting mechanisms were obtained:

 

𝐽𝐽𝐽𝐽1𝛼̈𝛼𝛼𝛼 = 𝑀𝑀𝑀𝑀1 − ((𝑚𝑚𝑚𝑚1𝑙𝑙𝑙𝑙+𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝛼𝛼 +𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝
𝑢𝑢𝑢𝑢
𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝛼𝛼)𝑔𝑔𝑔𝑔, 

𝐽𝐽𝐽𝐽2𝛽̈𝛽𝛽𝛽 = 𝑀𝑀𝑀𝑀2 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽𝛽𝛽𝑐𝑐𝑐𝑐 − (𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢)𝑠𝑠𝑠𝑠), 
𝑚𝑚𝑚𝑚𝑢̈𝑢𝑢𝑢 = −𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽𝑐𝑐𝑐𝑐 − (𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢)𝑠𝑠𝑠𝑠) −𝑚𝑚𝑚𝑚𝑔𝑔𝑔𝑔�𝑝𝑝𝑝𝑝

2

𝑢𝑢𝑢𝑢2
+ 1�, 

𝑥̈𝑥𝑥𝑥 = −𝑔𝑔𝑔𝑔 𝑝𝑝𝑝𝑝
𝑢𝑢𝑢𝑢
.        (18)

When the boom and load hoisting mechanisms are 
started up simultaneously, dynamic loads in the structural 
elements and drive mechanisms increase, causing the load 
to swing on a flexible suspension. In addition, the crane’s 
structural elements are worn, and energy consumption by 
the drives is also increasing. All of this leads to a decrease 
in the crane’s operational efficiency. Therefore, there was a 
need to optimise the joint startup modes of the boom and 
load hoisting mechanisms to minimise energy consumption.

As the criterion for optimising the startup mode of the 
mechanisms, the root means square value of the total pow-
er of the boom and load hoisting drives during the startup 
process was used. The following dependency represented it:

 

𝑃𝑃𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �1
𝑡𝑡𝑡𝑡1
∫ �(𝑀𝑀𝑀𝑀1𝛼̇𝛼𝛼𝛼)2 + (𝑀𝑀𝑀𝑀2𝛽̇𝛽𝛽𝛽)2� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡1
0 �

1/2
→ 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  .    (19)

The criterion (18), represented as an integral function-
al, needed to be minimised under the following boundary 
conditions of starting up the rotation mechanisms:

𝑡𝑡𝑡𝑡 = 0: 𝛼𝛼𝛼𝛼 = 𝛼𝛼𝛼𝛼0 , 𝛼𝛼𝛼𝛼𝛼 = 0, 𝛽𝛽𝛽𝛽 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

,

𝛽̇𝛽𝛽𝛽 = 0, 𝑢𝑢𝑢𝑢 = 𝑢𝑢𝑢𝑢0 , 𝑢𝑢𝑢𝑢𝑢 = 0, 𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥0 , 𝑥𝑥𝑥𝑥𝑥 = 0  ,         (20)

  (21)

where t – the time coordinate; t1 – the duration of the si-
multaneous startup of the boom and load hoisting mech-
anisms; ꞷ1, ꞷ2 – the steady-state angular velocities of the 
boom and the drive drum of the load hoisting mechanism; 
α0, x0 – the initial positions of the boom and the load out-

reach, v1, v2 – steady-state velocities of the load outreach 
and load hoisting, respectively.

The constraints on the driving torques M1 and M2 of 
the boom and load hoisting mechanisms were defined by 
the following conditions:

M1max
 ≤ M1

 ≤ M1max,                              (22)

M2max
 ≤ M2

 ≤ M2max,                              (23)

where M1min, M1max – the minimum and maximum allowa-
ble values of the drive torque of the boom hoisting mecha-
nism; M2min, M2max – the minimum and maximum allowable 
values of the drive torque of the load hoisting mechanism.

In the optimisation problem (18)-(23), it was necessary 
to find the modes of joint startup of the boom and load 
hoisting mechanisms of a jib crane that minimised the cri-
terion (19) and satisfied the boundary conditions (20) and 
(21), as well as the constraints (22) and (23).

The criterion (19) was expressed as a function of the gen-
eralised coordinates of the boom hoisting α and the change 
in the load outreach x. To achieve this, the drive torques of 
the boom and load hoisting mechanisms were expressed 
using the first and second equations of the system (17):

 

𝑀𝑀𝑀𝑀1 = 𝐽𝐽𝐽𝐽1𝛼̈𝛼𝛼𝛼 + ((𝑚𝑚𝑚𝑚1𝑙𝑙𝑙𝑙+𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝛼𝛼 +𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝
𝑢𝑢𝑢𝑢
𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝛼𝛼)𝑔𝑔𝑔𝑔  ,    (24)

M2
 = J2 β̈

  + cr(βr - (u0
 - u)n).                    (25)

From the last equation of system (18), the deviation 
coordinate of the load from the vertical in the plane of the 
outreach change was expressed:

 

𝑝𝑝𝑝𝑝 = −𝑢𝑢𝑢𝑢⋅𝑥̈𝑥𝑥𝑥
𝑔𝑔𝑔𝑔

  .                                    (26)

Taking into account the expression (14), the following 
was obtained:

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝛼𝛼𝛼𝛼 = 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥
𝐿𝐿𝐿𝐿

; 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝛼𝛼 = �1− [(𝑥𝑥𝑥𝑥 −  𝑝𝑝𝑝𝑝)/𝐿𝐿𝐿𝐿]2 .       (27)

From the first dependency in expressions (27), the gen-
eralized coordinate of the boom rotation was expressed:

𝛼𝛼𝛼𝛼 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥)
𝐿𝐿𝐿𝐿

  .                              (28)

By taking time derivatives of expression (28), the an-
gular velocity and acceleration of the boom were obtained:

𝛼𝛼𝛼𝛼𝛼 = − 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥
𝐿𝐿𝐿𝐿𝐿𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

, 𝛼𝛼𝛼𝛼𝛼 = −1
𝐿𝐿𝐿𝐿
⋅ (𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥)𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠−(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥)𝑠̇𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠)2
,       (29)

dependence (29) included time derivatives of expression 
(26), which were determined as follows:

𝑝𝑝𝑝𝑝𝑝 = −𝑢𝑢𝑢𝑢𝑢 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢
𝑔𝑔𝑔𝑔

, 𝑝𝑝𝑝𝑝𝑝 = −𝑢𝑢𝑢𝑢𝑢 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢
𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼

𝑔𝑔𝑔𝑔
 .                (30)

additionally, from the penultimate equation of system (18), 
the angular coordinate of the drum drive mechanism for 
load hoisting was expressed as follows:
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𝛽𝛽𝛽𝛽 = 𝑛𝑛𝑛𝑛
𝑟𝑟𝑟𝑟

(𝑢𝑢𝑢𝑢0 − 𝑢𝑢𝑢𝑢) + 𝑚𝑚𝑚𝑚
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

�𝑔𝑔𝑔𝑔 𝑔𝑝𝑝𝑝𝑝
2

𝑢𝑢𝑢𝑢2
+ 1� − 𝑢𝑢𝑢𝑢𝑢 𝑢 .            (31)

By taking the first- and second-time derivatives of 
equation (31), the angular velocity and acceleration of the 

drum drive mechanism for load hoisting were found:

𝛽̇𝛽𝛽𝛽 = −𝑛𝑛𝑛𝑛
𝑟𝑟𝑟𝑟
𝑢𝑢𝑢𝑢𝑢 + 𝑚𝑚𝑚𝑚

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�2 𝑔𝑔𝑔𝑔

𝑢𝑢𝑢𝑢3
𝑝𝑝𝑝𝑝(𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢  𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 )− 𝑢𝑢𝑢𝑢𝑢𝑢  ,            (32)

𝛽̈𝛽𝛽𝛽 = −𝑛𝑛𝑛𝑛
𝑟𝑟𝑟𝑟
𝑢𝑢𝑢𝑢𝑢 + 𝑚𝑚𝑚𝑚

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
�2 𝑔𝑔𝑔𝑔

𝑢𝑢𝑢𝑢4
�𝑝𝑝𝑝𝑝𝑝 (𝑢𝑢𝑢𝑢 𝑢𝑢𝑢𝑢𝑢𝑢𝑢   𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢  ) + 𝑝𝑝𝑝𝑝 (𝑢𝑢𝑢𝑢 𝑢𝑢𝑢𝑢𝑢𝑢𝑢   𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢  ) − 3 ⋅ 𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢   (𝑢𝑢𝑢𝑢 𝑢𝑢𝑢𝑢𝑢𝑢𝑢   𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢  ) − 𝑢𝑢𝑢𝑢

𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼
��  .                          (33)

As a result of substituting expressions (14) and (26)-
(33) into the dependencies (24) and (25), the functions of 
the driving moments of the boom and load hoisting mech-
anisms were obtained. These functions depend on the lin-
ear generalised coordinates of the load outreach change x 
and the length of the flexible load suspension u, as well as 
on their time derivatives.

To account for the constraints on the driving torques 
(22) and (23) in the stated optimisation problem, the fol-
lowing dimensionless generalized criterion was introduced 
and needed to be minimised:

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 𝑃𝑃𝑃𝑃ck
𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

+ 𝛿𝛿𝛿𝛿𝑃𝑃𝑃𝑃(𝑃𝑃𝑃𝑃1 + 𝑃𝑃𝑃𝑃2 + 𝑃𝑃𝑃𝑃3 + 𝑃𝑃𝑃𝑃4) ,                (34)

where δР – the penalty coefficient that accounts for the im-
portance of satisfying the constraints (22) and (23); Pst  – 
the steady-state value of the total power of the drives of 
both mechanisms. To account for the constraints, penalty 
functions were constructed:

𝑃𝑃𝑃𝑃1 =

⎩
⎪
⎨

⎪
⎧

0, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖М1 ≥ М1 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚;
М1

М1 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀1 < М1 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚;  

 𝑃𝑃𝑃𝑃2 =

⎩
⎪
⎨

⎪
⎧

0, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖М1 ≤ М1 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚;
М1

М1 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀1 > М1 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ;  

𝑃𝑃𝑃𝑃3 =

⎩
⎪
⎨

⎪
⎧

0, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖М2 ≥ М2 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚;
М2

М2 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀2 < М2 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚;  

 𝑃𝑃𝑃𝑃4 =

⎩
⎪
⎨

⎪
⎧

0, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀2 ≤ М2 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ;
М2

М2 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
, 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑀𝑀𝑀𝑀2 > М2 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 .                     (35)

The value of the penalty coefficient δР
 = 108 was chosen 

so that the optimisation algorithm first found a solution that 
satisfied all the constraints (22) and (23) (thereby reduc-
ing all the penalty functions to zero) and then found solu-
tions that gradually reduced the integral functional (19).

From the expression (35), it was evident that all terms 
of the generalized criterion (34) were dimensionless. The 
first term corresponded to the value of the criterion (19) 
relative to the steady-state value of the total power of 
the drives of both mechanisms (i.e., when t > t1), while the 
second term ensured compliance with the constraints (22) 
and (23).

The boundary conditions (20) and (21) were expressed 
in terms of the generalised coordinates of the length of the 

flexible load suspension and the change in its outreach x, 
and their time derivatives were determined.

t = 0: u = u0, u̇
   = 0, ü = 0, u⃛ = 0, x = x0, ẋ

 = 0, ẍ = 0, x⃛  = 0,   (36)

t = t1: u
 = u0

 - 𝑣𝑣𝑣𝑣
2𝑡𝑡𝑡𝑡1
2

 ,u̇   = v2, ü
 = 0, u⃛ = 0,

x = x0
 - 𝑣𝑣𝑣𝑣1𝑡𝑡𝑡𝑡1

2 , ẋ = v1, ẍ
 = 0, x⃛  = 0.                      (37)

Here, v1, v2 – average steady-state rates of change of 
the load outreach and the length of its suspension, respec-
tively.

The differential equations of motion (18), the integral 
functional (19), together with the constraints (22) and (23), 
expressions (24)-(35), and also the boundary conditions 
(36) and (37) represent an optimisation problem.

In this problem, it was necessary to determine the con-
trol action of the changes in the linear coordinates of the 
load outreach x and the length of its suspension u, which 
minimised the value of the criterion (19) and ensured 
compliance with the constraints (22), (23), as well as the 
boundary conditions (36) and (37).

The presented optimisation problem was nonlinear, 
which required the use of an approximate method to solve 
it. The solutions to the optimisation problem were repre-
sented by the unknown functions u(t) and x(t) in the form 
of polynomials with two terms:

u(t) = u1(t)
 + u2(t),                             (38)

x(t) = x1(t)
 + x2(t).                             (39)

In the equations (38) and (39), the first terms u1(t) 
and x1(t) were the selected polynomials that satisfied the 
boundary conditions (36) and (37), while the second terms 
u2(t) and x2(t) were the polynomials that contained free un-
known coefficients and provided the following zero bound-
ary conditions:

u2(0) = u̇ 2(0) = ü(0) = u⃛(0) = u2(t1)
 = u̇ 2(t1)

 = ü2(t1)
 = u⃛2(t1)

 = 0,  (40)

x2(0) = ẋ2(0) = ẍ2(0) = x⃛ 2(0) = x2(t1)
 = ẋ2(t1)

 = ẍ2(t1)
 = x⃛ 2(t1)

 = 0. (41)

The function u1(t) was represented as a seventh-order 
polynomial, which allowed for the satisfaction of the first 
part of the boundary conditions (36) and (37).

u1(t)=∑7
i=0cit

i.                                 (42)

The function x1(t) was also represented as a sev-
enth-order polynomial, which allowed for satisfying the 
second part of the boundary conditions (36) and (37).
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x1(t)
 = ∑7

k=0ckt
k.                                (43)

In the boundary conditions (36) and (37), the time 
derivatives of the functions u(t) and x(t) were of the third 
order, that is why they were taken from the functions (42) 
and (43):

u̇ 1(t)
 = A1

 + 2A2t
 + 3A3t

2 + 4A4t
3 + 5A5t

4 + 6A6t
5 + 7A7t

6,    (44)

ü1(t)
 = 2A2

 + 6A3t
 + 12A4t

2 + 20A5t
3 + 30A6t

4 + 42A7t
5,    (45)

u⃛1(t)
 = 6A3

 + 24A4t
 + 60A5t

2 + 120A6t
3 + 210A7t

4,      (46)

Wẋ1(t)
 = C1

 + 2C2t
 + 3C3t

2 + 4C4t
3 + 5C5t4

 + 6C6t
5 + 7C7t

6,   (47)

ẍ1(t)
 = 2C2

 + 6C3t
 + 12C4t

2 + 20C5t3
 + 30C6t

4 + 42C7t
5,   (48)

x⃛ 1(t)
 = 6C3

 + 24C4t
 + 60C5t

2 + 120C6t
3 + 210C7t

4.     (49)

Here, A0, A1, …, A7, C0, C1,…,C7  constants that are de-
termined by the boundary conditions of the motion (36) 
and (37).

After substituting the boundary conditions (36) and 
(37) into the expressions (42) and (44)-(46), the following 
results were obtained:

A0
 = u0; A1

 = 0; A2
 = 0; A3

 = 0.                     (50)

The constants A4-A7 were determined from the follow-
ing system of linear equations:

𝐴𝐴𝐴𝐴4 + 𝐴𝐴𝐴𝐴5𝑡𝑡𝑡𝑡1 + 𝐴𝐴𝐴𝐴6𝑡𝑡𝑡𝑡12 + 𝐴𝐴𝐴𝐴7𝑡𝑡𝑡𝑡13 = − 𝑣𝑣𝑣𝑣2
2𝑡𝑡𝑡𝑡13

, 

4𝐴𝐴𝐴𝐴4 + 5𝐴𝐴𝐴𝐴5𝑡𝑡𝑡𝑡1 + 6𝐴𝐴𝐴𝐴6𝑡𝑡𝑡𝑡12 + 7𝐴𝐴𝐴𝐴7𝑡𝑡𝑡𝑡13 = 𝑣𝑣𝑣𝑣2
𝑡𝑡𝑡𝑡13

, 

6𝐴𝐴𝐴𝐴4 + 10𝐴𝐴𝐴𝐴5𝑡𝑡𝑡𝑡1 + 15𝐴𝐴𝐴𝐴6𝑡𝑡𝑡𝑡12 + 21𝐴𝐴𝐴𝐴7𝑡𝑡𝑡𝑡13 = 0, 
4𝐴𝐴𝐴𝐴4 + 10𝐴𝐴𝐴𝐴5𝑡𝑡𝑡𝑡1 + 20𝐴𝐴𝐴𝐴6𝑡𝑡𝑡𝑡12 + 35𝐴𝐴𝐴𝐴7𝑡𝑡𝑡𝑡13 = 0.             (51)

After substituting the boundary conditions (36) and 
(37) into expressions (43) and (47)-(49), the following were 
obtained:

C0
 = x0; C1

 = C2
 = C3

 = 0.                         (52)

The constants C4,…,C7 were determined from the fol-
lowing system of linear algebraic equations:

𝐶𝐶𝐶𝐶4 + 𝐶𝐶𝐶𝐶5𝑡𝑡𝑡𝑡1 + 𝐶𝐶𝐶𝐶6𝑡𝑡𝑡𝑡12 + 𝐶𝐶𝐶𝐶7𝑡𝑡𝑡𝑡13 = − 𝑣𝑣𝑣𝑣1
2𝑡𝑡𝑡𝑡13

, 

4𝐶𝐶𝐶𝐶4 + 5𝐶𝐶𝐶𝐶5𝑡𝑡𝑡𝑡1 + 6𝐶𝐶𝐶𝐶6𝑡𝑡𝑡𝑡12 + 7𝐶𝐶𝐶𝐶7𝑡𝑡𝑡𝑡13 = 𝑣𝑣𝑣𝑣1
𝑡𝑡𝑡𝑡13

, 

6𝐶𝐶𝐶𝐶4 + 10𝐶𝐶𝐶𝐶5𝑡𝑡𝑡𝑡1 + 15𝐶𝐶𝐶𝐶6𝑡𝑡𝑡𝑡12 + 21𝐶𝐶𝐶𝐶7𝑡𝑡𝑡𝑡13 = 0, 
4𝐶𝐶𝐶𝐶4 + 10𝐶𝐶𝐶𝐶5𝑡𝑡𝑡𝑡1 + 20𝐶𝐶𝐶𝐶6𝑡𝑡𝑡𝑡12 + 35𝐶𝐶𝐶𝐶7𝑡𝑡𝑡𝑡13 = 0.             (53)

As a result of substituting the constants from (50) and 
(52), as well as the solutions of the systems of linear al-
gebraic equations (51) and (53), into expressions (42) and 
(43), the functions obtained, that satisfied the boundary 
conditions (36) and (37) for the coordinates u and x and 
their time derivatives.

The polynomials u2(t) and x2(t) represented by the fol-
lowing expressions:

𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡) = � 𝑡𝑡𝑡𝑡
𝑡𝑡𝑡𝑡1
�
4
�𝑡𝑡𝑡𝑡1−𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡1
�
4
∑ 𝐵𝐵𝐵𝐵𝑗𝑗𝑗𝑗 �

𝑡𝑡𝑡𝑡
𝑡𝑡𝑡𝑡1
�
𝑗𝑗𝑗𝑗 𝑣𝑣𝑣𝑣2𝑡𝑡𝑡𝑡1

2
, 0 ≤ 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡1

𝑝𝑝𝑝𝑝
𝑗𝑗𝑗𝑗𝑗𝑗  ,  (54)

𝑥𝑥𝑥𝑥2(𝑡𝑡𝑡𝑡) = � 𝑡𝑡𝑡𝑡
𝑡𝑡𝑡𝑡1
�
4
�𝑡𝑡𝑡𝑡1−𝑡𝑡𝑡𝑡

𝑡𝑡𝑡𝑡1
�
4
∑ 𝐷𝐷𝐷𝐷𝑘𝑘𝑘𝑘 �

𝑡𝑡𝑡𝑡
𝑡𝑡𝑡𝑡1
�
𝑘𝑘𝑘𝑘 𝑣𝑣𝑣𝑣1𝑡𝑡𝑡𝑡1

2
, 0 ≤ 𝑡𝑡𝑡𝑡 𝑡 𝑡𝑡𝑡𝑡1𝑛𝑛𝑛𝑛

𝑘𝑘𝑘𝑘𝑘𝑘  ,  (55)

where B0 , B1 , …, Bp , D0 , D1 , …, Dn – free coefficients that 
determine the value of the optimization criterion (19); 
� 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡1� �𝑡𝑡𝑡𝑡1−𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡1 �

44
 – a multiplier that ensures the zero boundary 

conditions (40) and (41) are met at arbitrary values of the 
coefficients B0 , B1 , …, Bp and D0 , D1 , …, Dn. These coefficients 
are free and ensure the determination of the minimum val-
ue of the criterion (19).
After substituting the expressions (46)-(54) into the de-
pendencies (38) and (39), and taking into account the 
boundary conditions (40) and (41), the expressions for the 
functions u(t) and x(t) were obtained, which included the 
unknown free coefficients B0 , B1 , …, Bp , and D0 , D1 , …, Dn.

Using the expressions (28), (29), and (31)-(33), and 
considering the dependencies (26), (27), and (30), the an-
gular coordinates of the boom rotation and the drive drum 
of the load hoisting mechanism, as well as their time de-
rivatives were determined, these also depended on the free 
coefficients B0 , B1 ,…, Bp , D0 , D1 …, Dn. When integrating the 
criterion (19), it also became a function with the free coef-
ficients B0 , B1 , …, Bp , and D0 , D1 , …, Dn. Thus, the approxi-
mate solution to the optimisation problem (18)-(23) was 
reduced to finding the minimum of the optimisation crite-
rion (19) as a function with the many free coefficients B0 , 
B1 , …, Bp , D0 , D1 , …, Dn.

In order to solve the formulated optimisation problem, 
the Ring-Rot-PSO metaheuristic method developed by 
Y. Romasevych et al. (2022) was applied. 

The number of iterations was set to 50, and the num-
ber of particles to 20. In this case, taking into account the 
expression (19) and the constraints (35), the generalized 
optimisation criterion (34) was expressed as a function of 
10 free coefficients:

Cr
 = Cr(B0, B1,..., B4, D0, D1,..., D4).             (56)

Calculations for the optimal modes of joint startup of 
the boom and load hoisting mechanisms were performed 
based on the root mean square criterion of the total power 
of the drives (19) and the constraints on the driving mo-
ments (22) and (23), and with ensuring the boundary condi-
tions (20) and (21) for the following values of the boom sys-
tem parameters: m = 4500 kg, m1

 = 2700 kg, J1
 = 72900 kg·m2, 

J2
  =  1183  kg·m2, С  =  6.25·106 Nm/rad, L  =  9.0  m, l  =  4.0  m, 

v1
 = -0.3 m/s, ꞷ1

 = 0.0396 rad/s, v2
 = -0.15 m/s, ꞷ2

 = 2.885 rad/s, 
u0

  =  8.0  m, n  =  4, t1
  =  5.0  s, g  =  9.81  m/s2, M1min

  =  0, 
M1max

 = 130 kNm, M2min
 = 0, M2max

 = 4.0 kNm, α0
 = 0.5857 rad, 

x0
 = 7.5 m, r = 0.208 m, Pst

 = 27000 W.

RESULTS AND DISCUSSION
As a result of solving the optimisation problem, the follow-
ing values of the free coefficients were obtained: В0

 = 6.9513, 
В1

  =  -5.11235, В2
  =  -13.0874, В3

  =  33.0285, D0
  =  -2.63782, 

D1
 = 0.829784, D2

 = -9.80721, D3
 = 12.1441. The results of ap-

plying the VCP-PSO method are shown in Figure 2.
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Figure  2 shows that, during the operation of the op-
timisation algorithm, the first four iterations correspond 
to the penalty functions (35), which account for exceed-
ing the maximum drive torques. Afterward, the algorithm 
finds a solution that satisfies one of the constraints (35), 
and during the subsequent iterations (from the fifth to 
the thirty-first), no significant improvements in terms of 
the value of the criterion Cr can be observed. However, on 
the thirty-second iteration, the VCP-PSO algorithm finds 
a solution that satisfies all the constraints (35). The sub-
sequent iterations of the algorithm proceed in the region 
where all the constraints are satisfied, focusing solely on 
minimising the integral part (19) of the criterion Cr. Such 
a construction of the objective function (34) allows for a 
gradual approach to solving the problem: first ensuring the 
constraints (35), and then minimising the value of the in-
tegral functional (19).

Based on the obtained solution to the optimisation 
problem for the startup process of the boom and load 
hoisting mechanisms of a jib crane, the graphical depend-
encies of kinematic, dynamic, and energy characteristics 
have been built.

mechanisms. The smooth change in the velocity of the 
drive drum is related to the fact that its position function 
is linear, while the static resistance force (the weight of the 
load) remains constant.

Iteration

C
r

Figure 2. Plots of the decrease of the Cr criterion during 
the execution of the VCP-PSO algorithm iterations

Source: compiled by the authors

From Figure 3, can be seen that the angular velocity 
of the boom during startup, both in the baseline and in 
the optimal calculations, has a similar change pattern. It 
varies in an oscillatory mode. At the same time, the am-
plitude of velocity oscillations in the baseline calculation 
is slightly smaller. The oscillatory nature of the change in 
the angular velocity of the boom is caused by the nonlin-
ear function of the boom position and the variable func-
tion of the static resistance forces acting on the boom.

At the same time, the angular velocity of the drive 
drum of the load hoisting mechanism changes smooth-
ly during startup (Fig.  4). Such a change is observed 
both in the baseline and in the optimal calculations for 
the simultaneous motion of the boom and load hoisting  

Figure 3. Plots of the angular velocity of boom rotation
Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

Figure 4. Plots of the angular velocity  
of the drive drum of a load hoisting mechanism

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

The phase portrait of rope oscillations of a load hoist-
ing mechanism (Fig. 5) shows that the elastic oscillations 
of the rope damp out within one cycle of oscillation, both 
in the baseline and in the optimal calculations. However, 
in the optimal calculation, the deformation of the rope is 
slightly less and the maximum deformation rate is higher. 
Moreover, it should be noted that in the baseline calcula-
tion, the phase portrait of oscillations changes smoothly, 
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which cannot be said about the phase portrait of oscilla-
tions in the optimal calculation, which has a more complex 
change. This is because the optimal calculation takes into 
account the actual loads on the structure and the existing 
constraints, whereas the baseline calculation only consid-
ers the boundary movement conditions of the system.

and 8 show the maximum constraints (dashed lines) of the 
drive torques of the mechanisms for boom and load hoist-
ing. The drive torque of a boom hoisting mechanism (Fig. 7) 
decreases during startup from its maximum to a steady 
value, both in the baseline and optimal calculations. How-
ever, in the baseline calculation, the drive torque changes 
smoothly, while in the optimal calculation, it changes in an 
oscillatory manner. This is due to the fact that in the base-
line calculation, there are no constraints on the permissible 
torque of 130 kNm, while in the optimal calculation, there 
is a constraint on the maximum value of the drive torque. 
A similar pattern is observed in the drive torque changes of 
the load hoisting mechanism (Fig. 8). In the baseline calcu-
lation, the torque changes smoothly but does not meet the 
established limit of 4000 Nm. At the same time, the optimal 
calculation ensures the torque constraint, but it changes 
with minor oscillations.

Figure 5. Phase portrait of elastic oscillations  
of the rope of a load hoisting mechanism

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

The phase portrait of the load oscillations on a flexible 
suspension (Fig. 6) shows that load oscillations damp out 
within one cycle, both in the baseline and optimal calcu-
lations of the system. However, in the optimal calculation, 
slightly larger maximum deviations from the vertical of the 
flexible suspension of the load are observed.

Figure 6. Phase portrait of pendulum oscillations  
of the load on a flexible suspension

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

Figure 7. Plots of the drive torque  
of a boom hoisting mechanism

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

Figure 8. Plots of the drive torque  
of a load hoisting mechanism

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

In addition, to visualise the fulfilment of constraints 
(22)-(23) for the optimal solution to the problem, Figure 7 
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The nature of the power change of the drive of a boom 
hoisting mechanism (Fig. 9) is similar in the baseline and 
optimal calculations. In both cases, oscillations are ob-
served during the power change, but the amplitude of these 
oscillations is slightly higher in the optimal calculation 
compared to the baseline calculation.

Figure 9. Plots of the power of the drive  
of a boom hoisting mechanism

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

smoothly, both in the baseline and optimal calculations. 
At the same time, in the optimal calculation, the maxi-
mum power value slightly exceeds the same value in the 
baseline calculation.

Figure 10. Plots of the drive power  
of a load hoisting mechanism

Note: the grey curves represent the baseline solution of the 
problem, and the black curves denote the optimal solution
Source: compiled by the authors

Evaluation indicator Unit of 
measurement

The value of the indicator obtained for 
the solution

baseline optimal
Class of root mean square indicators

Load deviation from the vertical m 0.09693 0.1008
Elastic deformation of the rope of the load hoisting mechanism m 0.001775 0.001775

Driving torque of the boom hoisting mechanism
kNm

125.35 125.39
Driving torque of the load hoisting mechanism 3.5263 3.4724

Power of the boom hoisting mechanism
kW

3.7015 3.8634
Power of the load hoisting mechanism 6.0567 5.8577

Class of maximum indicators
Load deviation from the vertical m 0.1522 0.1706

Elastic deformation of the rope of the load hoisting mechanism m 0.001783 0.001778
Driving torque of the boom hoisting mechanism

kNm
133.12 129.94

Driving torque of the load hoisting mechanism 4.4509 3.9090
Power of the boom hoisting mechanism

kW
6.6636 6.7026

Power of the load hoisting mechanism 9.2141 9.5834

The drive power of a load hoisting mechanism 
(Fig. 10) changes from zero to the steady-state value quite 

In addition, several numerical indicators are present-
ed, corresponding to both solutions of the problem when 
determining the modes of combined motion for the boom 
and load hoisting mechanisms of a jib crane (Table 1).

Table 1. Numerical values of indicators that correspond to the baseline and optimal solutions of the problem (12)-(15)

The analysis of Table 1 shows that the indicators for 
assessing the performance of a jib crane in the baseline 
and optimal calculations are generally quite close. At the 
same time, some of these indicators differ from each other 
in both directions. A more detailed analysis of the obtained 
indicators is conducted.

The load deviation from the vertical by the root mean 
square value is 3.8% lower in the baseline calculation than 

Source: compiled by the authors

in the optimal one. However, the maximum value of this in-
dicator in the baseline calculation is just 0.2% higher. The 
elastic deformation of the rope of the hoisting mechanism 
is the same in both calculations in terms of the root mean 
square value, and the maximum value of this indicator is 
10.8% better in the baseline calculation. The driving torque 
of the boom hoisting mechanism in terms of the root mean 
square value, is almost the same in both the baseline and 
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optimal calculations, at 125.4 kNm. However, the maximum 
value of this indicator is 2.4% lower in the optimal calcu-
lation. The driving torque of the load hoisting mechanism, 
both in terms of the root mean square and the maximum 
values, decreases by 1.6% and 13.9%, respectively, in the 
optimal calculation compared to the baseline calculation.

The power of the boom hoisting mechanism, in terms 
of the root mean square value and the maximum value, is 
4.7% and 0.6% less, respectively, in the baseline calcula-
tion compared to the optimal calculation. The power of the 
load hoisting mechanism in terms of the root mean square 
value, is 3.4% lower and, in terms of the maximum value, is 
4.0% higher in the optimal calculation than in the baseline 
calculation.

An additional analysis of scientific works has been 
conducted to compare the research results. Consequently, 
in the article by S.M. Fasih et al. (2020), the control of the 
load slewing mechanism is achieved using a neural net-
work to generate the input data for a jib crane. In the work 
by A.  Kostikov  et al.  (2019), control was implemented by 
manipulating the length of a flexible suspension to reduce 
load oscillations during jib crane movement. S.  Tong  et 
al.  (2024) proposed a method for controlling the dynam-
ic sliding mode and developed a dynamic model of a dou-
ble-pendulum cable crane that considers wind disturbance. 
The authors of the article by Y. Qian et al. (2022) developed 
a method for controlling the movement of jib crane mecha-
nisms. The work by F. Lui et al. (2021) carried out analysing 
the dynamic and vibration features of a tower crane. The 
results indicated that mass has little effect on the spatial 
swing angle, with lifting acceleration remaining stable be-
tween 0.004 m/s² and 0.01 m/s². In the work by R. Čápková & 
A. Kozáková (2019) considered identifying a dynamic mod-
el and designing a controller for changing the trolley posi-
tion along the arm, as well as damping payload oscillation.

A considerable amount of work was devoted to optimi-
sation of the parameters and motion modes of crane mech-
anisms has a significant impact on minimising dynamic 
loads. To solve these problems, metaheuristic optimisation 
methods by A.P.  Piotrowski  et al.  (2020) have been wide-
ly applied. The main achievements of optimisation using 
swarm intelligence methods are presented in the works of 
other studies (Isiet & Gadala 2020; Houssein et al., 2021; 
Shami et al., 2022). The global optimisation of crane mech-
anism corrections has been investigated in the work by 
S. Chwastek (2023), based on the fundamental principles of 
mechanics. Also, a scientific article by S. Chwastek (2020) 
presented the optimised parameters of crane mechanisms, 
which make it possible to eliminate vibration (high-fre-
quency oscillations) of the structural elements of a jib 
crane. At the same time, no restrictions were imposed on 
the driving forces of the drive mechanisms, meaning that 
the problem of unconstrained optimisation was solved. In 
the presented article, high-frequency oscillations of the 
load hoisting mechanism are also eliminated, but the con-
straints on the driving forces of drives of the boom and load 
hoisting mechanisms are introduced. Thus, the authors of 

this article have solved the problem of constrained optimi-
sation, which is more general. Moreover, the authors of the 
presented article have developed their method for solving 
constrained optimisation problems for mechanisms and 
machines. In the paper by O. Podoliak et al. (2021), mathe-
matical modelling of the dynamics of the combined motion 
of the mechanisms for load hoisting, changing the out-
reach and rotating a jib crane has been conducted. How-
ever, this work does not contain numerical calculations 
of the dynamics of the combined motion of the mecha-
nisms under consideration. In the work by V.  Loveikin  et 
al.  (2022), optimisation of the process of starting up the 
load outreach mechanism has been carried out, taking into 
account the oscillations of the load on a flexible suspen-
sion with a steady crane rotation. As a result of the optimi-
sation, the maximum obtained deviation from the vertical 
of the flexible suspension is 0.031 rad, and the maximum 
speed is 0.036 rad/s. In the presented article, when chang-
ing the outreach and hoisting of the load, similar indicators 
are equal to 0.0213 rad and 0.0225 rad/s, respectively. The 
numerical indicators obtained in the presented article are 
quite close to those from previous studies. The slight dif-
ference between the indicators is because the considered 
variants of the mechanisms have different steady-state 
speeds of hoisting and changing the outreach of the load. 
The results presented in this article and in the articles of 
other authors lead to the conclusion that the research on 
the dynamics and optimisation of the motion modes of 
crane mechanisms is relevant. The results obtained in the 
article are close, and in some cases slightly better than the 
results obtained in similar studies.

CONCLUSIONS
To minimise energy consumption in the drive mechanisms 
for boom and load hoisting of a jib crane with adhering the 
specified constraints, an optimisation problem has been 
formulated and solved. In this problem, the optimal start-
up modes of the boom and load hoisting mechanisms have 
been found by minimising an integral criterion that satis-
fies the boundary motion conditions of the system and the 
constraints on the drive torques of the mechanisms. Since 
the energy consumption of the boom system of a crane 
largely depends on the power of the drive mechanisms for 
boom and load hoisting, the criterion for optimisation has 
been chosen as the root mean square value of the total pow-
er of both drive mechanisms during the combined startup 
mode. To reduce the loads on the structural elements of a 
crane and the drive mechanisms, the minimum and maxi-
mum values of the drive torques have been considered as 
constraints. In the formulated optimisation problem, the 
criterion in the form of the root mean square value of the 
drive powers, along with the constraints on their drive tor-
ques, is expressed as a generalised optimisation criterion. 
In this problem, the issue of ensuring constraints on the 
drive torques has been addressed first, and then the prob-
lem of minimising the root mean square value of the crite-
rion has been solved. Thus, the constrained optimisation 
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problem has been reduced to an unconstrained optimisa-
tion problem.

Since the optimisation problem of finding the operat-
ing mode of the joint motion of the boom and load hoisting 
mechanisms of a crane is nonlinear, it could not be solved 
analytically. Instead, an approximate method has been 
applied. The solution to the problem has been sought on 
the class of polynomial functions. The sought functions of 
the boom and load hoisting mechanisms are represented 
as a sum of two polynomials. The first polynomial satisfies 
the boundary conditions of the motion, and the second in-
cludes free coefficients that minimise the generalised opti-
misation criterion. In the solved optimisation problem, the 
free coefficients have been determined using a modified 
metaheuristic method VCP-PSO.

The solution to the optimisation problem has made it 
possible to find the modes of joint startup of the boom and 
load hoisting mechanisms of a jib crane that minimise the 
total energy consumption of the drives. These results have 
been achieved by reducing the maximum value of the driv-
ing torque of the load hoisting mechanism by 13.9%.

In the process of optimising the modes of joint startup 
of the boom and load hoisting mechanisms, two calculation 
variants have been considered: the baseline one and the 

optimal one. These are compared with each other and show 
quite close results in almost all the indicators. It should be 
noted that the baseline calculation variant provides only 
boundary conditions of the motion, and the optimal one, in 
addition to boundary conditions, also provides constraints 
on the driving forces. Therefore, when choosing a move-
ment mode, priority should be given to the optimal calcu-
lation method and the results obtained using this method. 
In further research on optimising the operating modes of a 
crane’s boom system, it is necessary to consider a dynamic 
model with variable boom length.

ACKNOWLEDGEMENTS
The research was carried out within the framework of the 
implementation of the thematic direction “Development 
of mechanical engineering, materials science, instrument 
construction, production, technologies, and transport” 
(scientific direction “Technical sciences”) of the basic 
funding of NULES of Ukraine (Agreement No. BF/38-2021 
dated August 2nd, 2021, Additional agreement No.  BF/3-
2024 dated January 15th, 2024).

CONFLICT OF INTEREST
The authors declare no conflict of interest.

REFERENCES
[1]	 Bello, M.M., Mohamed, Z., Efe, M.Ö., & Ishak, H. (2024). Modelling and dynamic characterisation of a double-

pendulum overhead crane carrying a distributed-mass payload. Simulation Modelling Practice and Theory, 134, article 
number: 102953 doi: 10.1016/j.simpat.2024.102953.

[2]	 Buczkowski, R., & Żyliński, B. (2021). Finite element fatigue analysis of unsupported crane. Polish Maritime Research, 
28(1), 127-135. doi: 10.2478/pomr-2021-0012.

[3]	 Čápková, R., & Kozáková, A. (2019). Experimental modelling and control of a tower crane. In 2019 22nd International 
Conference on Process Control (PC19) (pp. 91-101). Strbske Pleso: IEEE. doi: 10.1109/PC.2019.8815327.

[4]	 Chwastek, S. (2020). Optimization of crane mechanisms to reduce vibration. Automation in Construction, 119, article 
number 103335. doi: 10.1016/j.autcon.2020.103335.

[5]	 Chwastek, S. (2023). Finding the globally optimal correlation of cranes drive mechanisms. Mechanics Based Design of 
Structures and Machines, 51, 3230-3241. doi: 10.1080/15397734.2021.1920978.

[6]	 Fasih, S.M., Mohamed, Z., Husain, A.R., Ramli, L., Abdullahi, A.M., & Anjum, W. (2020). Controlling the rotation of 
a tower crane payload using a neural network-based input shaper. Measurement and Control, 53(7-8), 1171-1182. 
doi: 10.1177/0020294020920895.

[7]	 Fidrovska, N., Slepuzhnikov, E., Varchenko, I., Harbuz, S., Shevchenko, S., Chyrkina, M., & Nesterenko, V. (2021). 
Determining stresses in the metallic structure of an overhead crane when using running wheels of the new design. 
Eastern-European Journal of Enterprise Technologies, 1(7), 22-31. doi: 10.15587/1729-4061.2021.225097.

[8]	 Houssein, E.H., Gad, A.G., Hussain K., & Suganthan, P.N. (2021). Major advances in particle swarm optimization: 
theory, analysis, and application, Swarm and Evolutionary Computation, 63, article number 100868. doi: 10.1016/j.
swevo.2021.100868.

[9]	 Isiet, M., & Gadala, M. (2020). Sensitivity analysis of control parameters in particle swarm optimization, Journal of 
Computational Science, 41, article number 101086, doi: 10.1016/j.jocs.2020.101086.

[10]	 Kostikov, A., Perig, A., Larichkin, O., Stadnik, A., & Gribkov, E. (2019). Research into payload swaying reduction 
through cable length manipulation during boom crane motion. FME Transactions, 47(3), 464-476. doi:  10.5937/
fmet1903464K.

[11]	 Kovalenko, V., Kovalenko, O., Stryzhak, V., Stryzhak, M., & Ruzmetov, A. (2023). Determination of dynamic forces in 
the metal structure of a tower crane based on the multimass model. International Journal of Mechatronics and Applied 
Mechanics, 14, 248-256. doi: 10.17683/ijomam/issue14.29.

[12]	 Loveikin, V., Romasevych, Y., Loveikin, A., & Korobko, M. (2022). Optimization of the trolley mechanism 
acceleration during tower crane steady slewing. Archive of Mechanical Engineering, 69(3), 411-429. doi: 10.24425/
ame.2022.140424.

https://doi.org/10.1016/j.simpat.2024.102953
https://doi.org/10.2478/pomr-2021-0012
https://doi.org/10.1109/PC.2019.8815327
https://doi.org/10.1016/j.autcon.2020.103335
https://doi.org/10.1080/15397734.2021.1920978
https://doi.org/10.1177/0020294020920895
https://doi.org/10.15587/1729-4061.2021.225097
https://doi.org/10.1016/j.swevo.2021.100868
https://doi.org/10.1016/j.swevo.2021.100868
https://doi.org/10.1016/j.jocs.2020.101086
https://doi.org/10.5937/fmet1903464K
https://doi.org/10.5937/fmet1903464K
http://www.dx.doi.org/10.17683/ijomam/issue14.29
https://doi.org/10.24425/ame.2022.140424
https://doi.org/10.24425/ame.2022.140424


20
Machinery & Energetics. Vol. 15, No. 4

Optimization of the joint startup of the boom...

[13]	 Lui, F., Yang, J., Wang, J., & Liu, C. (2021). Swing characteristics and vibration feature of tower cranes under compound 
working condition. Shock and Vibration, 2021, article number 8997396. doi: 10.1155/2021/8997396.

[14]	 Michna, M., Kutt, F., Sienkiewicz, Ł., Ryndzionek, R., Kostro, G., Karkosiński, D., & Grochowski, B. (2020). Mechanical-
level hardware-in-the-loop and simulation in validation testing of prototype tower crane drives. Energies, 13(21), 
article number 5727. doi: 10.3390/en13215727.

[15]	 Miranda-Colorado, R. (2021). Robust observer-based anti-swing control of 2D-crane systems with load hoisting-
lowering. Nonlinear Dynamics, 104, 3581-3596. doi: 10.1007/s11071-021-06443-x.

[16]	 Piotrowski, A.P., Napiorkowski, J.J., & Piotrowska, A.E. (2020). Population size in particle swarm optimization. Swarm 
and Evolutionary Computation, 58, article number 100718. doi: 10.1016/j.swevo.2020.100718.

[17]	 Podoliak, O., Khoroshylov, O., & Anenko, K. (2021). Mathematical modeling of the joint movement of mechanisms for 
lifting, turning and changing the crane’s departure. Engineering, 28, 18-25. doi: 10.32820/2079-1747-2021-28-18-25.

[18]	 Qian, Y., Hu, D., Chen, Y., Fang, Y., & Hu, Y. (2022). Adaptive neural network-based tracking control of underactuated 
offshore ship-to-ship crane systems subject to unknown wave motions disturbances. IEEE Transactions on Systems, 
Man, and Cybernetics: Systems, 52(6), 3626-3637. doi: 10.1109/TSMC.2021.3071546.

[19]	 Romasevych Y., Loveikin V., & Loveikin Y. (2022). Development of a PSO modification with varying cognitive term. In 2022 
IEEE 3rd KhPI Week on Advanced Technology (KhPIWeek). Kharkiv: IEEE. doi: 10.1109/KhPIWeek57572.2022.9916413.

[20]	 Shami, T.M., El-Saleh, A.A., Alswaitti, M., Al-Tashi, Q., Summakieh, M.A., & Mirjalili, S. (2022). Particle swarm 
optimization: a comprehensive survey. IEEE Access, 10, 10031-10061. doi: 10.1109/ACCESS.2022.3142859.

[21]	 Sun, N., Yang, T., Fang, Y., Wu, Y., & Chen, H. (2019). Transportation control of double-jib cranes with a nonlinear 
quasi-PID scheme: design and experiments. IEEE Transactions on Systems Man and Cybernetics Systems, 49(7), 1408-
1418. doi: 10.1109/TSMC.2018.2871627.

[22]	 Tong, S., Xu, W., Zhao, J., Zhang, K., Shi, H., & Hu, B. (2024). Improved dynamic sliding mode control for plate hoisting 
of cable crane under wind load. Proceedings of the Institution of Mechanical Engineers, Part C: Journal of Mechanical 
Engineering Science, 238(11), 4932-4943. doi: 10.1177/09544062231210638.

[23]	 Yang, T., Sun, N., Chen, H., & Fang, Y. (2020). Neural networkbased adaptive antiswing control of an underactuated 
shipmounted crane with roll motions and input dead zones. IEEE Transactions on Neural Networks and Learning 
System, 31(3), 901-914. doi: 10.1109/TNNLS.2019.2910580. 

[24]	 Ye, J., & Huang, J. (2023). Control of beam-pendulum dynamics in a tower crane with slender jib transporting a 
distributed-mass load. IEEE Transactions on Industrial Electronics, 70(1), 888-897. doi: 10.1109/TIE.2022.3148741.

https://doi.org/10.1155/2021/8997396
https://doi.org/10.3390/en13215727
https://link.springer.com/article/10.1007/s11071-021-06443-x
https://doi.org/10.1016/j.swevo.2020.100718
https://doi.org/10.32820/2079-1747-2021-28-18-25
https://doi.org/10.1109/TSMC.2021.3071546
https://doi.org/10.1109/KhPIWeek57572.2022.9916413
https://doi.org/10.1109/ACCESS.2022.3142859
https://doi.org/10.1109/TSMC.2018.2871627
https://doi.org/10.1177/09544062231210638
https://doi.org/10.1109/TNNLS.2019.2910580
https://doi.org/10.1109/TIE.2022.3148741


21
Machinery & Energetics. Vol. 15, No. 4

Loveikin et al.

Вячеслав Ловейкін
Доктор технічних наук, професор

Національний університет біоресурсів і природокористування України
03041, вул. Героїв Оборони, 15, м. Київ, Україна

https://orcid.org/0000-0003-4259-3900
Юрій Ромасевич

Доктор технічних наук, професор
Національний університет біоресурсів і природокористування України

03041, вул. Героїв Оборони, 15, м. Київ, Україна
https://orcid.org/0000-0001-5069-5929

Юрій Ловейкін 
Кандидат фізико-математичних наук, доцент

Київський національний університет імені Тараса Шевченка
01033, вул. Володимирська, 60, м. Київ, Україна

https://orcid.org/0000-0003-4570-563X
Віктор Крушельницький

Кандидат технічних наук, старший викладач
Національний університет біоресурсів і природокористування України

03041, вул. Героїв Оборони, 15, м. Київ, Україна
https://orcid.org/0000-0003-4761-4619

Іван Кадикало
Кандидат технічних наук, асистент

Національний університет біоресурсів і природокористування України
03041, вул. Героїв Оборони, 15, м. Київ, Україна

https://orcid.org/0000-0002-5686-5869

Оптимізація сумісного пуску механізмів підйому стріли  
та вантажу стрілового крана

Анотація. В процесі сумісного руху механізмів підйому стріли та вантажу зростають динамічні навантаження, 
які приводять до додаткових витрат енергії, що в подальшому витрачається на руйнування конструкції крана. 
Мета досліджень полягає в підвищенні ефективності роботи стрілового крану шляхом оптимізації режимів 
сумісного пуску механізмів підйому стріли та вантажу, яка приводить до мінімізації енергетичних витрат. Для 
досягнення поставленої мети використані методи аналітичної механіки, варіаційного числення та модифікований 
метаеврістичний метод рою часточок. В результаті використання наведених методів оптимізовано сумісний 
пуск механізмів підйому стріли та вантажу. Спільний рух механізмів крана представлено динамічною моделлю 
з чотирма ступенями вільності, де враховано основний рух механізмів, а також пружні коливання приводу 
механізму підйому вантажу та низькочастотні коливання вантажу на гнучкому підвісі. На основі динамічної моделі 
побудовано математичну модель у вигляді системи диференціальних рівнянь другого порядку, яку зведено до 
системи двох рівнянь четвертого порядку. Синтез оптимального режиму пуску механізмів здійснено за критерієм 
середньоквадратичного значення сумарної потужності приводів з врахуванням обмежень на рушійні моменти 
приводів. Поставлена задача умовної оптимізації зведена до задачі безумовної оптимізації шляхом розробки 
узагальненого критерію. Нелінійну задачу оптимізації режиму спільного пуску кранових механізмів підйому стріли 
та вантажу розв’язано модифікованим метаеврістичним методом рою часточок. В результаті проведеної оптимізації 
отримано режими пуску механізмів підйому стріли та вантажу, які мінімізують сумарну потужність приводів і 
усувають низько та високочастотні коливання елементів конструкції крана. Це приводить до підвищення його 
надійності та зменшення енергетичних витрат. Такий режим рекомендовано використовувати у системах керування 
крановими механізмами підйому стріли та вантажу

Ключові слова: динамічна модель; математична модель; критерій оптимізації; нелінійна задача оптимізації; 
енергетичні витрати
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