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Application of resource-saving extrusion technologies  
and an integrated approach to assessing the plasticity of metal parts  

in agricultural engineering

Abstract. Among the promising resource-saving technologies to produce parts with improved performance characteristics, 
the processes of volumetric plastic deformation of products occupy a prominent place. The research relevance is determined 
by the need to improve the mechanical properties of deformed metal, increase tool life, and produce high precision stamped 
products with an appropriate level of technological heredity. The study aims to create the required level of strain hardening 
and damage resistance of deformed metal and products of complex configuration, which will replace expensive steel grades 
with cheaper ones with similar service characteristics. To calculate the components of the stress tensor under non-
monotonic loading, the anisotropic-strengthening body model is used. The study of theoretical and experimental findings 
suggests that cold combined extrusion methods should be used to manufacture parts with a flange, which can significantly 
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processing methods make it possible to replace expensive 
steel grades with more economical ones without compro-
mising the performance of the products. According to the re-
sults of experimental studies by Y. Beygelzimer et al. (2023), 
the use of combined extrusion leads to a 16-40% reduction 
in deformation force compared to traditional methods.

The quality of products manufactured by pressure 
treatment is significantly affected by the stress-strain state 
of the workpiece during volumetric plastic deformation. Ac-
cording to V. Mykhalevych et al. (2023), many factors affect 
the metal flow and stress-strain state of the workpiece dur-
ing the forming process. The main ones are the deforma-
tion method, tool configuration, product shape, kinematic 
mode, workpiece material, etc. The properties of a product 
are formed under the influence of external kinematic and 
force factors on the workpiece and depend on the dominant 
mechanical deformation pattern. V. Kukhar et al. (2022) de-
termined that kinematic impact can significantly improve 
the structure of the deformed metal, eliminate stagnant 
zones, and reduce deformation irregularities.

However, the theoretical methods for solving the 
problems of metal forming with reliable results remain 
imperfect and are not adapted to their practical use. This 
becomes especially evident when the task requires ac-
counting for the volumetric nature of the metal stress state 
and non-monotonic loading. In studies of modern methods 
for assessing stresses and ultimate deformations conduct-
ed by M. Brünig et al. (2023), significant discrepancies be-
tween theoretical and experimental results obtained dur-
ing deformation under non-monotonic loading were noted. 
This is determined by the imperfect and insufficiently jus-
tified physical equations used in these calculations. The 
structure of the equations should include independent in-
formation on the kinematics of the plastic flow of the met-
al, plasticity assessment, and the relevant mechanical and 
functional properties of the material.

Thus, the design of combined cold-forming processes 
based on the development of new methods for calculating 
the stress-strain state, as well as assessing the deforma-
bility of workpieces under non-monotonic loading and the 
volumetric stress-strain pattern is important for the crea-
tion and improvement of metal-forming processes.

INTRODUCTION
The main focus of machine building development is the 
study and implementation of the latest technologies based 
on scientific research. Instead of traditional methods of 
forming parts by material removal, such as chip peeling, 
three-dimensional plastic deformation processes are be-
coming more common. Improvements in engineering tech-
nology through the introduction of these processing meth-
ods will significantly improve the accuracy and quality of 
parts. In modern conditions, this is a key factor in ensuring 
the efficient use of resources (Sivak et al., 2023).

Among the potential processes in the forging and 
stamping industry, technological operations of volumet-
ric irreversible deformation are necessary. The production 
of three-dimensional workpieces by stamping, pressing 
or forging is distinguished by its unique capabilities, va-
riety of types and high efficiency compared to other shap-
ing methods. The development of volumetric deformation 
technologies indicates a steady increase in the production 
of precision parts with guaranteed quality, an expansion of 
the size range and the use of various materials. The results 
of research on new technologies described by G. Faraji & 
H. Torabzadeh (2019) show the effectiveness, competitive-
ness and prospects of plastic-forming processes.

I.S. Aliiev et al. (2023) noted that conventional plastic 
deformation schemes based on the use of two tools – an 
active moving tool and a fixed fixture – do not meet current 
requirements and complex technological tasks. Controlling 
the properties, plastic flow and technological factors re-
quires much more complex force and kinematic effects. The 
deformation methods developed based on this approach 
will create innovative processes for producing high-quality 
products from affordable materials at low cost.

The use of combined plastic processing methods is 
increasing in the mechanical engineering industry. These 
shaping methods are characterised by complex loads created 
by additional kinematic movements of the tool. The result-
ing force on the workpiece creates a high level of hydrostatic 
pressure and multi-variable alternating deformation. This 
gives the product material unique physical and mechani-
cal characteristics that result from the formation of the re-
quired level of macrostructure, strain hardening and damage 
to the plastically processed metal. In many cases, modern  

increase the boundary dimensions and improve the technological heredity of the product. The study presents a methodology 
for determining the kinematic characteristics of plastic metal flow using analytical functions obtained from experimental 
studies of the motion of a continuous medium. The tensor approach was used to create a model of damage accumulation 
under non-monotonic deformation. The presented complex of calculations can be used to determine the stress state and the 
amount of the spent plastic deformation resource during non-monotonic volumetric deformation with a sufficiently high 
accuracy, without preliminary heating of the metal. Based on the information on the stress-strain state and the tensor model 
of damage accumulation, the ultimate forming of parts with a flange was estimated. The practical value of the research 
lies in the use of the proposed approaches to solve several technological problems of metal processing by pressure when 
the material undergoes non-monotonic plastic deformation under conditions of bulk stress

Keywords: cold combined extrusion; non-monotonic deformation; complex loading; metal ductility; three-dimensional 
stamping
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Thus, the study aims to create a clear sequence of cal-
culations taking into account the characteristic features 
of non-monotonic plastic deformation in the processes of 
cold combined extrusion to obtain the most accurate as-
sessment of the deformability of workpieces.

MATERIALS AND METHODS
In the theory of plasticity, it is extremely difficult to obtain 
a solution to a system of differential equations that satis-
fies the boundary conditions for non-monotonic loading. 
Therefore, the following mathematical model was used 
to address the effect of non-monotonicity in stress calcu-
lations. To obtain the kinematically velocity field for the 
problems of axisymmetric stationary flow during extrusion 
(Dou et al., 2023), a method that can be used in the study 
of steady-state plastic deformation modes of solid bodies 
was addressed.

The components of the strain rate tensor ėij were deter-
mined from equations approximating the curvature of the 
dividing grid lines in mixed Eulerian-Lagrangian variables 
(Fernandez et al., 2020):

r = f(ψ, z),                                      (1)

where ψ – the curvature function of the dividing grid lines.
The components of the stress tensor σij for axisymmet-

ric deformation must comply with the differential equilib-
rium equations (Yu et al., 2022):

∂𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟
∂𝑟𝑟𝑟𝑟

+ ∂𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
∂𝑧𝑧𝑧𝑧

+ 𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟−𝜎𝜎𝜎𝜎𝜙𝜙𝜙𝜙
𝑟𝑟𝑟𝑟

= 0  ;                            (2)

∂𝜎𝜎𝜎𝜎𝑧𝑧𝑧𝑧
∂𝑧𝑧𝑧𝑧

+ ∂𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧
∂𝑟𝑟𝑟𝑟

+ 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑧𝑧𝑧𝑧
𝑟𝑟𝑟𝑟

= 0  .                               (3)

The boundary conditions were taken in an integral 
form at the boundaries of the elastic and plastic regions G1 
and G2 (respectively, at the entrance to the matrix and the 
exit to the cavity):

Pn
 = 2π∫Gnr(σzνz

 + τrzνr)dG,                         (4)

where Pn – the force at the boundary Gn, n
 = 1, 2; νz, νr are 

components of the vector of the external normal to Gn, or 
in the form of homogeneous boundary conditions on a free 
surface (Reese et al., 2021):

σzνz
 + τrzνr

 = 0; τrzνz
 + σrνz

 = 0.                       (5)

The magnitude of the loads Pn is known from an exper-
iment or the problem statement. The components of the 
stress deviator were determined by the following equation:

𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 2
3
𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢) 𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝜀𝜀𝜀𝜀𝜀𝑢𝑢𝑢𝑢
− 1

3 ∫  

 �1−𝛽𝛽𝛽𝛽(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢∗)�𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢∗)𝜙𝜙𝜙𝜙(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢∗ − 𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢0) 𝑑𝑑𝑑𝑑
2𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑢𝑢𝑢𝑢2

(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢∗)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑢𝑢𝑢𝑢∗

𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢
0

.          (6)

Material characteristics σp(eu), β(eu) and ϕ(eu
 - eu

0) were 
determined experimentally.

The parameter β which characterises the Bauschinger 
effect, was determined by the formula:

𝛽𝛽𝛽𝛽 = 𝜎𝜎𝜎𝜎0,2

𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢0)  ,                                      (7)

where σ0,2 – the conditional yield strength at compression 
testing of the sample, primarily stretched to deformation eu

0 
according to the flow curve σu(eu

0 ).
The dependence of β from the eu was approximated by 

the formula (Tu et al., 2020):

β = βm
 + (1 - βm)exp(c · eu).                           (8)

The function ϕ, which addresses the hereditary ef-
fect of the deformation process on the current state of 
the material during plastic deformation, was also deter-
mined based on the results of tensile and subsequent 
compression tests of cylindrical specimens. At the same 
time, the value of the function was calculated using the 
formula:

𝜙𝜙𝜙𝜙(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢 − 𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢0) = 𝜎𝜎𝜎𝜎𝑝𝑝𝑝𝑝(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢)−|𝜎𝜎𝜎𝜎𝑐𝑐𝑐𝑐(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢)|

𝜎𝜎𝜎𝜎𝑝𝑝𝑝𝑝(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢0)�1−𝛽𝛽𝛽𝛽(𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢0)�
  ,                       (9)

where eu
0 – the accumulated strain, at which the unload-

ing or breakage of the deformation trajectory occurs; 
σp(eu)  – stress under monotonic tension; σc(eu)  – stresses 
during compression of the specimen up to the strain eu, 
pre-tension up to eu

0 the stress σp(eu
0); β(eu

0) – the value of 
the Bauschinger parameter at eu

 = eu
0.

The experimental values ϕ determined by formula (9), 
were approximated by the dependence:

ϕ(eu
 - eu

0) = ϕ0
 + (1 - ϕ0)exp(c1(eu

 - eu
0)c2),                 (10)

where ϕ0 is the asymptotic value ϕ obtained experimentally 
(for steel 10, ϕ0 = 0.19).

The coefficients c1 and c2 were calculated using the 
least squares method and the following values were ob-
tained for steel 10: с1 = -22.3; с2 = 0.806.

Figures 1 and 2 show the experimental dependenc-
es for the Bauschinger parameter β(eu) and the function 
ϕ (eu

  -  eu
0). The model of damage accumulation under 

non-monotonic loading is based on the hypothesis that 
damage is described by a second-rank tensor (Lin  et 
al., 2023). The components of this tensor are determined 
by the mechanics of plastic deformation in a particular 
technological process, as well as by material functions 
that describe the physical and mechanical properties of 
the metal.

Based on the data of S. Reese et al.  (2021), a damage 
tensor ψ ij was introduced, the components of which were 
defined as follows:

ψij
 = ∫0

eu*F(eu, η, μσ) βij deu,                         (11)

where F(eu, η, μσ) – a positive function that describes the 
reaction of the material to the stress pattern.
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The components of the tensor βij are equal:

𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = �2
3
𝑑𝑑𝑑𝑑𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑑𝑑𝑑𝑑𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢

  .                                  (12)

From the correlations of the flow theory:

𝑑𝑑𝑑𝑑𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 3
2
𝑑𝑑𝑑𝑑𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢
𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢
𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖   .                                (13)

According to S. Tu et al. (2020):

𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = �3
2
𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢

= �3
2
𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

�3
2
𝜏𝜏𝜏𝜏

= 𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0   .                      (14)

In solid state physics, there is an analogue of the ten-
sor ψij, the dislocation density tensor, which can also be 
considered as damage. Both tensors are deviators.

When the function of the three invariants of the tensor 
ψij takes on a certain value, this is the beginning of fracture. 
Exclude from this function the influence of the first invar-
iant, since it is zero, and the third invariant, the fracture 
condition can be noted as follows:

ψij
 · ψij

 = const.                                  (15)

To determine the kinematic characteristics of defor-
mation, the Eulerian and Lagrangian strain tensors were 
used as the basis (Milenin et al., 2020):

2
E  = 1 �𝛿𝛿𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −

∂𝑎𝑎𝑎𝑎𝑘𝑘𝑘𝑘
∂𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

⋅ ∂𝑎𝑎𝑎𝑎𝑘𝑘𝑘𝑘
∂𝑥𝑥𝑥𝑥𝑗𝑗𝑗𝑗
�  ;                         (16)

𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1
2
�∂𝑥𝑥𝑥𝑥𝑚𝑚𝑚𝑚
∂𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖

⋅ ∂𝑥𝑥𝑥𝑥𝑚𝑚𝑚𝑚
∂𝑎𝑎𝑎𝑎𝑗𝑗𝑗𝑗

− 𝛿𝛿𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖�  ,                         (17)

where a is the coordinates of the particle before defor-
mation; x is the coordinates of the particle during defor-
mation, as well as the ratio for determining the defor-
mation rate:

𝜀𝜀𝜀𝜀𝑖̇𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 1
2
�∂𝑣𝑣𝑣𝑣𝑖𝑖𝑖𝑖
∂𝑥𝑥𝑥𝑥𝑗𝑗𝑗𝑗

+ ∂𝑣𝑣𝑣𝑣𝑗𝑗𝑗𝑗
∂𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖
�  ,                             (18)

where v are the components of the velocity of the particles 
of the deformed body.

The components of the Eulerian strain tensor can be 
determined if the displacements are specified according to 
the current coordinates, and the Lagrangian tensor if the 
position changes are specified depending on the initial co-
ordinates.

RESULTS AND DISCUSSION
It is believed that in the cylindrical coordinate system (r, z) 
the surface of a matrix can be described by the analytical 
function R = R(z), which has the corresponding asymptotes: 
at a z→–∞, R = R0

 = 1; at z→∞, R = R1, where R0 і R1 – start and 
end radii (Fig. 3).

Figure 1. Dependence of the parameter β on eu

Note: steel 10, approximation β = 0.34 + 0.66exp(-62eu)
Source: compiled by the authors

0
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0

–  eu
0 
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Figure 2. The dependence of a function ϕ on Δeu

Note: steel 10, approximation ϕ = 0.19 + 0.81exp(-22.3 ·  
· (eu-eu

0)0.806)
Source: compiled by the authors

v1

v0

z 

R0

r0

r = f(r0, z) R = R(z) 

r1
R1

r

vr1

vz1

Figure 3. Calculation scheme  
of curvature of dividing grid lines  

under axisymmetric deformation, in the general case
Note: r – radius of the contour of a material particle; R – 
radius of the matrix contour; v1 – the velocity of a particular 
particle in the deformation process; vr1, vz1 – projections 
of the velocity of a certain particle in the process of 
deformation on the axes of the cylindrical coordinate system
Source: compiled by the authors



25
Machinery & Energetics. Vol. 15, No. 2

Sivak et al.

When constructing the approximations of the dividing 
grid lines, the following constraints on the functions were 
set:

x in the steady-state stage of motion, all material par-
ticles of the deforming metal that have a certain initial co-

ordinate r0
 = √ψ̄ will have the same final coordinate r1

 = R1
 · r0. 

On the symmetry axis, r=0, and the contour, r = R(z). This is 
possible if equation (1) satisfies the conditions:

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧𝑧𝑧𝑧𝑧𝑧

𝑓𝑓𝑓𝑓(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧) = �𝜓𝜓𝜓𝜓 ; 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑓𝑓𝑓𝑓(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧) = 𝑅𝑅𝑅𝑅1�𝜓𝜓𝜓𝜓; 

𝑓𝑓𝑓𝑓(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧) = �
0 at 𝜓𝜓𝜓𝜓 = 0;

𝑅𝑅𝑅𝑅(𝑧𝑧𝑧𝑧) at 𝜓𝜓𝜓𝜓 = 1;          (19)

x on the axis of symmetry, the particle velocities are 
limited everywhere and, in general, are not equal to zero 
and the cross-sectional average velocity. That is, at ψ = 0, 
the following relations are valid for the components of the 
velocity vector:

vr(ψ, z) = 0; vz(ψ, z) < 0; vz(ψ, z) ≠ 0; vz(ψ, z) ≠ 1/R2(z).    (20)

At z→±∞ for all ψ, the components of the velocity vec-
tor take the values:

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧𝑧𝑧→−∞

𝑣𝑣𝑣𝑣𝑧𝑧𝑧𝑧(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧) = 1; 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧𝑧𝑧→∞

𝑣𝑣𝑣𝑣𝑧𝑧𝑧𝑧(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧) = 1 𝑅𝑅𝑅𝑅12⁄   ,           (21)

are the components of the strain rate tensor:

𝑒̇𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧)|𝜓𝜓𝜓𝜓=0 = 0;  𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑟𝑟𝑟𝑟→±∞

𝑒̇𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜓𝜓𝜓𝜓, 𝑧𝑧𝑧𝑧) = 0 .             (22)

Conditions (1), (19)-(22) imply the following restric-
tions on the approximation of the curved lines of the di-
viding grid:
at ψ = 0:

�2𝑓𝑓𝑓𝑓 ∂𝑓𝑓𝑓𝑓
∂𝜓𝜓𝜓𝜓
�<∞; 2𝑓𝑓𝑓𝑓 ∂𝑓𝑓𝑓𝑓

∂𝜓𝜓𝜓𝜓
≠ 0; 

2𝑓𝑓𝑓𝑓 ∂𝑓𝑓𝑓𝑓
∂𝜓𝜓𝜓𝜓

≡ 𝑅𝑅𝑅𝑅2(𝑧𝑧𝑧𝑧); ∂𝑓𝑓𝑓𝑓
∂𝑧𝑧𝑧𝑧

= 0; 0<�∂𝑓𝑓𝑓𝑓
∂𝑧𝑧𝑧𝑧

𝑓𝑓𝑓𝑓𝑓 𝑓<∞;                (23)

at z→±∞:

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧𝑧𝑧→−∞

�2𝑓𝑓𝑓𝑓 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� = 1; 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

𝑧𝑧𝑧𝑧→∞
�2𝑓𝑓𝑓𝑓 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� = 𝑅𝑅𝑅𝑅12; 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

𝑧𝑧𝑧𝑧→∞
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧

= 0 .(24)

The simplest expression for grid lines that satisfies the 
requirements (19), (20), (23), (24):

f2(ψ, z) = ψR2 + ψ(1 - ψ) · (F0
 + ψ(F1

 - F0 )).           (25)

Functions F0 and F1 depend on the projections onto the 
axis of the particle velocities along the axis v0(z) and out-
line v1(z):

𝐹𝐹𝐹𝐹0 = 1
𝑣𝑣𝑣𝑣0(𝑧𝑧𝑧𝑧) − 𝑅𝑅𝑅𝑅2(𝑧𝑧𝑧𝑧);  𝐹𝐹𝐹𝐹1 = 𝑅𝑅𝑅𝑅2(𝑧𝑧𝑧𝑧) − 1

𝑣𝑣𝑣𝑣1(𝑧𝑧𝑧𝑧) .            (26)

Velocity components vz(ψ, z) the velocity vectors of 
particles located on the grid line can be determined by 
the real parameters of the coordinate grid applied to the 

meridional section. If the grid spacing along the axis z is 
constant and equal to ∆z0, then in their motion the parti-
cles move from position 1 to position 2, from position 2 to 
position 3, and so on, in a period:

𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥 = 𝛥𝛥𝛥𝛥𝑧𝑧𝑧𝑧0
𝑣𝑣𝑣𝑣0

= 𝛥𝛥𝛥𝛥𝑧𝑧𝑧𝑧0  .                                (27)

Accordingly, the average speed of particle movement 
along the z-coordinate from position i to position i  +  1 
equals:

𝑣𝑣𝑣𝑣𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖 = 𝛥𝛥𝛥𝛥𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖
𝛥𝛥𝛥𝛥𝑧𝑧𝑧𝑧0

  .                                     (28)

Velocity determination v0
 = v0(0, z) and v1

 = v1(1, z) and 
expression (28) then in their motion the particles move 
from position 1 to position 2, from position 2 to position 3, 
and so on, in a period.

In addition, the velocities vz(ψ, z) can be determined 
from experimentally obtained curved grid lines. In each 
fixed section z = const (Fig. 3):

𝑣𝑣𝑣𝑣𝑧𝑧𝑧𝑧 = 1
2𝑟𝑟𝑟𝑟
⋅ 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟

= 𝛥𝛥𝛥𝛥𝜕𝜕𝜕𝜕
𝛥𝛥𝛥𝛥(𝑟𝑟𝑟𝑟2) =

𝑟𝑟𝑟𝑟0(𝑛𝑛𝑛𝑛+1)
2 −𝑟𝑟𝑟𝑟0(𝑛𝑛𝑛𝑛)

2

𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛+12 −𝑟𝑟𝑟𝑟𝑛𝑛𝑛𝑛2
  .                  (29)

The experimental information on v0(z) and v1(z) was 
approximated by analytical functions. These functions 
must satisfy conditions (19), (20), (23), (24). Furthermore, 
on the symmetry axis:

𝑒̇𝑒𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 0; 𝑒̇𝑒𝑒𝑒𝑟𝑟𝑟𝑟 = 𝑒̇𝑒𝑒𝑒𝜙𝜙𝜙𝜙 = −1
2
𝑒̇𝑒𝑒𝑒𝑟𝑟𝑟𝑟; 𝑒̇𝑒𝑒𝑒𝑟𝑟𝑟𝑟 = 𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣0(𝑟𝑟𝑟𝑟)

𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟
 .            (30)

Condition (30) implies that at z = z* which corresponds 
to the maximum value of v0(z), all components of the strain 
rate tensor are equal to zero. This circumstance leads to 
additional restrictions on the choice of approximation 
functions for grid lines. Integrating the equilibrium equa-
tions along the symmetry axis leads to the result:

𝜎𝜎𝜎𝜎𝑧𝑧𝑧𝑧(0, 𝑧𝑧𝑧𝑧) = 𝜎𝜎𝜎𝜎𝑧𝑧𝑧𝑧(0, 𝑧𝑧𝑧𝑧0) + 1
√3
∫
𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣0 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧2+4𝑣𝑣𝑣𝑣0(𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣𝑧𝑧𝑧𝑧 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕⁄ )⁄ |𝜓𝜓𝜓𝜓=0

|𝜕𝜕𝜕𝜕𝑣𝑣𝑣𝑣0 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧⁄ |   .  (31)

This means that the equations of the grid lines must 
also satisfy the following conditions, when z = z*, ψ = 0:

𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣0
𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧2

+ 4𝑣𝑣𝑣𝑣0
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� 1

2𝑓𝑓𝑓𝑓𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
� = 0  .                       (32)

Since the integral in expression (31) is taken without 
complications, at z = z* and ψ = 0 velocity variables v0(z) and 
v1(z) must satisfy the following equality:

𝜕𝜕𝜕𝜕2𝑣𝑣𝑣𝑣0
𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧2

+ 8𝑣𝑣𝑣𝑣02 �2 + 𝑣𝑣𝑣𝑣0
𝑣𝑣𝑣𝑣1
− 3𝑣𝑣𝑣𝑣0𝑅𝑅𝑅𝑅2� = 0  .                 (33)

Therefore, the approximations for the functions v0(z) 
and v1(z) can be represented by dependencies:

𝑣𝑣𝑣𝑣0(𝑧𝑧𝑧𝑧) = 1
𝑅𝑅𝑅𝑅2(𝑧𝑧𝑧𝑧+𝑐𝑐𝑐𝑐0) + 𝛼𝛼𝛼𝛼0𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝛽𝛽0(𝑧𝑧𝑧𝑧 + 𝛾𝛾𝛾𝛾0)2)  ;         (34)

𝑣𝑣𝑣𝑣1(𝑧𝑧𝑧𝑧) = 1
𝑅𝑅𝑅𝑅2(𝑧𝑧𝑧𝑧+𝑐𝑐𝑐𝑐1) + 𝛼𝛼𝛼𝛼1𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝛽𝛽0(𝑧𝑧𝑧𝑧 + 𝛾𝛾𝛾𝛾1)2)  .          (35)

After substituting dependence (29) into expressions 
(25) and (26), the final formulas for the equations of the 
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grid lines are obtained, which can be used to calculate all 
the kinematic characteristics of the plastic flow of metal 
under steady-state axisymmetric deformation.

The components of the stress deviator are calculat-
ed by formula (6), and the stresses under axisymmetric 
deformation are determined by integrating the differential 
equilibrium equations (2), and (3) using expression (4). To 
obtain the tensor model of damage accumulation, the flow 
theory relations (13) are used, which follow:

𝑑𝑑𝑑𝑑𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑑𝑑𝑑𝑑𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢

= �3
2
𝛽𝛽𝛽𝛽𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 3

2
⋅ 𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢

  .                          (36)

Therefore, expression (11), considering formula (9), 
can be represented as follows:

ψij
 = ∫0

eu*F(eu, η, μσ)S
 0
ijdeu                          (37)

or
ψij

 = ∫0
eu*F(eu, η, μσ)S

 0
ii f(αij)deu,                        (38)

where ψij – the main components of the strain tensor; S 0
ii – 

the main components of the guiding mathematical object 
that determines the direction of the main axes of the ten-
sor of internal force intensity; f(αij) – a function that deter-
mines the effect of load variability; αij – guiding cosines, 
which are determined by the angles between the directions 
of the principal stresses and the coordinate axes associated 
with the fixed fibres.

To determine the type of a function F(eu, η, μσ), a simple 
load is considered, under which βij, S

 0
ii η, µσ remain constant, 

therefore:

ψij
 = βij ∫0

eu*F(eu, η, μσ)deu
 = βij

 ϕ(eu, η, μσ),               (39)

where ϕ(eu, η, μσ)
 = ∫0

eu*F(eu, η, μσ)deu.

By normalising the sub integral functions in expres-
sions (11), (38) and (39), condition (15) can be brought to 
the condition accepted in phenomenological theory:

ψij
 · ψij

 = 1.                                     (40)

From condition (40), considering βij
  · βij

 = 1, it follows 
that at eu

 = ep function ϕ(eu, η, μσ)
 = 1. In addition:

ϕ(0, η, μσ)
 = 0.                                 (41)

Satisfying these conditions, it is assumed that:

𝜙𝜙𝜙𝜙 = ∑ 𝑏𝑏𝑏𝑏𝑘𝑘𝑘𝑘 �
𝑒𝑒𝑒𝑒𝑢𝑢𝑢𝑢

𝑒𝑒𝑒𝑒𝑝𝑝𝑝𝑝(𝜂𝜂𝜂𝜂,𝜇𝜇𝜇𝜇𝜎𝜎𝜎𝜎)�
𝑛𝑛𝑛𝑛𝑘𝑘𝑘𝑘

𝑚𝑚𝑚𝑚
𝑘𝑘𝑘𝑘=1 ;  ∑𝑏𝑏𝑏𝑏𝑘𝑘𝑘𝑘 = 1; nk > 0 ,         (42)

where ep (η, μσ) is the surface of ultimate plasticity.
Similarly approximated is the function f(αij), as  

S 0
ij

 · S 0
ij

 = 1 (Dai et al., 2022; Chandran & Verleysen, 2024).
As an example, the proposed approach and calculation 

sequence are used to estimate the plasticity of a metal part 
with a flange obtained by combined two-stage extrusion. 
The first stage involves radial extrusion to form a thick-
ening in the centre of the workpiece. Then, in the second 
stage, the contouring of the thickening is carried out to 
form a flange. A schematic diagram of the radial extrusion 
process, followed by the deposition of a cylindrical speci-
men of steel 10, is shown in Figure 4. The components of 
the stress deviator for this process are calculated using the 
formula (6). Hydrostatic stress σ is determined by integrat-
ing the differential equilibrium equations, which, under 
axisymmetric deformation, are of the form (2), (3). At the 
same time, the integral equilibrium equation is used:

P = 2π∫0
Rσz

 · r · dr,                                (43)

where P is the force determined during the deformation of 
the body under study; R is the radius of the deformed body.

Figure 4. Schematic of a two-stage radial extrusion process followed by contouring of a billet from steel 10 (a)  
and location of points on the meridional section before deformation (b)

Source: compiled by the authors
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Tension σr is equal to:

𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟 = (𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟)𝐴𝐴𝐴𝐴 + ∫ �𝜕𝜕𝜕𝜕𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟

+ 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟−𝑆𝑆𝑆𝑆𝜙𝜙𝜙𝜙
𝑟𝑟𝑟𝑟

� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑅𝑅𝑅𝑅
𝑟𝑟𝑟𝑟   ,                (44)

where (σr)A is the radial stress at point A (Fig. 4) located on 
the outer surface of the workpiece. 

The axial stress is:

σz
 = Sz

 + σr
 - Sr.                                  (45)

After substituting expressions (44), and (45) into equa-
tion (43), we obtain:

(𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟)𝛢𝛢𝛢𝛢 = 1
𝜋𝜋𝜋𝜋𝑅𝑅𝑅𝑅2

�𝛲𝛲𝛲𝛲 − 2𝜋𝜋𝜋𝜋 ∫ (𝑆𝑆𝑆𝑆𝑧𝑧𝑧𝑧 − 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟 + 𝑆𝑆𝑆𝑆)𝑟𝑟𝑟𝑟 ⋅ 𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟𝑅𝑅𝑅𝑅
0 �  ,        (46)

where:
𝑆𝑆𝑆𝑆 = ∫ �𝜕𝜕𝜕𝜕𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
+ 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟−𝑆𝑆𝑆𝑆𝜙𝜙𝜙𝜙

𝑟𝑟𝑟𝑟
� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑅𝑅𝑅𝑅

𝑟𝑟𝑟𝑟   .                        (47)

The stresses at the remaining points located on the 
horizontal axis of symmetry of the workpiece were deter-
mined by equation (44):

(𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟)𝑖𝑖𝑖𝑖 = (𝜎𝜎𝜎𝜎𝑟𝑟𝑟𝑟)𝑖𝑖𝑖𝑖+1 + ∫ �𝜕𝜕𝜕𝜕𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟−𝑆𝑆𝑆𝑆𝜙𝜙𝜙𝜙
𝑟𝑟𝑟𝑟

� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖
𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖+1

  .           (48)

Stress σz and σϕ are calculated along the radius:

(σz)i = (σr)i - (Sr)i + (Sz)i;                           (49)

(σϕ)i = (σr)i - Sr)i + (Sϕ)i.                          (50)

The stress along other parallel radii is calculated 
similarly. Axis stress value σz along the vertical lines is 

determined by integrating the second differential equi-
librium equation (3):

(𝜎𝜎𝜎𝜎𝑧𝑧𝑧𝑧)𝑖𝑖𝑖𝑖+1 = (𝜎𝜎𝜎𝜎𝑧𝑧𝑧𝑧)𝑖𝑖𝑖𝑖 − ∫ �𝜕𝜕𝜕𝜕𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

+ 𝜏𝜏𝜏𝜏𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝜕𝜕𝜕𝜕
� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖+1

𝑧𝑧𝑧𝑧𝑖𝑖𝑖𝑖
  .             (51)

The stress and strain values obtained in this way are 
used to display the spatial directions of deformation еu (η, 
mσ), as well as calculations βi per formula (12) і ψ following 
the condition (40).

Figure 5 presents the dependences of the components 
of total stresses, namely σz, σr and σϕ on the level of defor-
mation eu at characteristic points (Fig. 4) on the horizon-
tal axis of symmetry of the workpiece (Fig.  4b), at z = 0. 
Analysis of the obtained dependences of the components 
of total stresses (σz, σr and σϕ) on the level of deformation 
eu (Fig.  5) indicates an accurate correspondence of this 
theoretical calculation method to the actual deformation 
process. The dependencies reflect the transition from the 
first to the second stage of deformation. This is especially 
pronounced at the points furthest from the vertical axis of 
symmetry of the workpiece, where the level of non-mono-
tonicity is high. Traditional calculation methods based on 
flow theory relations do not allow for this result. There 
is no sharp change like the stress-strain dependence ob-
tained from the flow theory relations at the moment of 
transition from one extrusion stage to the next. The ob-
tained result indicates the importance of considering 
the influence of non-monotonic plastic deformation on 
the patterns of stress field formation under anisotropic 
strengthening since the reliability of the assessment of the 
deformability of the workpiece depends on this.

Figure 5. Stress depends on the degree of deformation eu at characteristic points (1-7)
Note: for ρ/d0=0.15; a) σz, b) σr, c) σϕ

Source: compiled by the authors
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The surface of maximum deformations for steel 10 is 
approximated by the dependence (Meyer & Menzel, 2021; 
Sheykin et al., 2021):

ep = (η, μσ) = 0.68exp(0.43μσ
 - 0.71η).                 (52)

The surface of the ultimate deformation of steel 10, 
as well as the deformation paths of material particles at 
points 3, 5, and 7 (Fig. 4b), is shown in Figure 6. Position 
7 corresponds to point A, which was used in the stress cal-
culation. From the analysis of the nature of the obtained 
spatial curves and the tendency of their formation in the 
selected space, it follows that increasing the radius of the 
die rounding ρ shifts the trajectories to a convenient zone 
in terms of increasing the plasticity of the metal and there-
fore improving the deformability of the workpiece. The  

experience of producing parts by radial extrusion shows 
that macro-cracking occurs first of all at the point of the 
free surface of the flange, on the equatorial axis of sym-
metry. Contouring reduces the likelihood of fracture in the 
specified area of the part and provides a flange with a diam-
eter significantly larger than the size of flanges obtained 
by traditional extrusion methods. In addition, the contact 
between the free surface of the flange and the matrix cre-
ates a region where the metal is in a favourable stress pat-
tern. This further reduces the likelihood of fracture in the 
danger zone of the part, makes it possible to increase the 
maximum dimensions and gives the product the necessary 
technological continuity.

Calculations ψ are shown in Table 1, for a flange with 
a diameter dmax

 = 48 mm (at d0
 = 20 mm), depending on the 

radius of the matrix rounding.

Figure 6. The surface of maximum deformation ер(η, mσ) for steel 10  
and the deformation paths of material particles at the points 3, 5, 7

Note: a) ρ/d0
 = 0.05; b) ρ/d0

 = 0.10; c) ρ/d0
 = 0.15

Source: compiled by the authors
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The analysis of the results presented in Table 1 shows 
that increasing the radius of curvature ρ from 1 mm to 2 
mm does not affect the amount of plasticity used ψ at the 
stress point. Only at ρ = 3 mm, the value of the used plas-
ticity resource is reduced to ψ = 0.56. The deformation of 
the free surface of the flange during contact with the ma-
trix also has a favourable effect on the amount of plasticity 
used. If the difference between the values of ψ at points 3 
and 5 is large enough, the interval at points 5 and 7 has 

Table 1. Results of calculations of the value of the used plasticity resource
The ratio of the rounding radius of the die  

to the initial diameter of the workpiece, ρ/d0

Point The amount of plasticity resource used, ψ

0.05
3 0.48
5 0.74
7 0.88

0.10
3 0.39
5 0.58
7 0.64

0.15
3 0.36
5 0.44
7 0.56

Source: compiled by the authors

been significantly reduced. This fact indicates a reduction 
in the intensity of damage accumulation in this area of 
the flange. The radius of curvature of the die is less than 
2 mm (ρ < 2 mm) leading to an increase in the value of the 
plasticity resource at the dangerous point, compared to the 
value ψ at ρ = 3 mm. At this value ρ, the flange diameter can 
reach dmax

 = 48 mm (d0
 = 20 mm), with no formation of mac-

ro cracks on the free surface. Experimental studies have 
established that the limit value of the flange diameter is 
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dmax
 = 52 mm, for the ratio ρ/d0

 = 0.15. The results of the cal-
culations coincide with the experimental results obtained 
by L. Aliieva et al. (2020) and V. Chukhlib et al. (2020).

The physical picture of the damage accumulation ki-
netics under non-monotonic loading has not been studied. 
Therefore, one of the ways to solve this problem is to apply 
the hypothesis of the tensor nature of damage accumula-
tion within the phenomenological theory of deformability 
V. Kukhar et al. (2022), which estimates the used plasticity 
resource under non-monotonic loading. In general, L. Zhou 
& H. Wen (2019), and M. Brünig et al. (2023) used a plasticity 
diagram to determine the components of the damage ten-
sor. There are no thorough studies devoted to three-dimen-
sional load trajectories under non-monotonic deformation.

The reason for the unsatisfactory accuracy in deter-
mining the value of the used plasticity resource under 
non-monotonic loading is the neglect of strain anisotropy 
in the assessment of the stress-strain state (Hasemann et 
al., 2019; Lakshmi et al., 2020). To assess the deformability 
of future products and ensure the quality of finished parts, 
information on the deformation history of each material 
particle in the workpiece volume is required. M.B. Shtern et 
al.  (2021) and V.  Mykhalevych  et al.  (2023) proposed an 
original approach to assessing the stress-strain state in the 
plastic zone, which obtains a sufficiently reliable history of 
deformation of a part of the material by solving the system 
of differential equations of the theory of plasticity.

To study the set of stresses and strains both on the out-
side and inside of the workpieces, one of the most effective 
methods is the coordinate mesh method, which was stud-
ied by G. Faraji & H. Torabzadeh  (2019) and I.S. Aliiev et 
al.  (2023). The systematic set of steps for macrostructure 
detection and the microstructural method can also be re-
garded as ways in which natural grids are used for research 
(Beygelzimer  et al.,  2023). The relations for calculating 
deformations from curved meshes are derived for cases 
where the original square mesh drawn on the main plane is 
transformed into a parallelogram after deformation. More 
general formulas were obtained by V. Kukhar et al. (2022) 
for the case when the initial cell has the shape of a paral-
lelogram, which is especially important when studying the 
processes of shape change in a stepwise manner. Methods 
of this type are quite versatile, but the disadvantages in-
clude the following: increased labour intensity of meas-
urements, low accuracy of determining small deformations 
and obtaining averaged results within the cell boundaries. 
In addition, if the sides of the cell are severely distorted 
after deformation, this approach leads to large errors.

Along with the direct study of the deformation of a 
unit cell, the quantification methodology can be based on 
the step-by-step measurement of the coordinates of points 
(grid nodes), i.e., determination of the displacement front 
for a given time interval and subsequent determination of 
the deformation velocity field. M. Brünig et al.  (2023) de-
termined that the flow theory relation is used to perform 
further stress state calculations. When determining the 
stress state by deformation, it is necessary to address the 

relations of the theory of plasticity. The desired stress field 
must satisfy the equilibrium equations, the plasticity con-
dition, the flow law and the boundary conditions. When de-
termining stresses from kinematics that do not satisfy the 
boundary conditions during the integration of equilibrium 
equations, a significant discrepancy between the solutions 
is observed. According to S. Yoon et al. (2022), in some areas, 
errors can reach hundreds of per cent. The main disadvan-
tage of the considered approaches is that errors in experi-
mental measurements of the curved dividing mesh lead to 
inaccuracies in the determination of stress deviators. As a 
result, deviators contain errors that are not always possible 
to detect and evaluate. The problem in the form of func-
tions that satisfy the equilibrium equations, plasticity con-
dition and boundary conditions can be solved using par-
tial solutions obtained by independent integration of each 
expression. However, partial solutions can have very sig-
nificant differences. The approach of W. Dou et al. (2023), 
based on the finite-difference representation of the equi-
librium equation, is more reasonable. To accurately satisfy 
the equilibrium equation at the nodes of the computational 
grid, a certain relaxation of the requirements for fulfilling 
the plasticity condition is carried out. The methodology of 
W. Dou et al. (2023) complicates the use of these methods 
and techniques in areas with complex geometry and can-
not be used for the required calculation accuracy. There-
fore, when studying the plastic flow of metal, a universal 
approach is needed to reduce labour intensity and increase 
the accuracy of calculating kinematic characteristics.

Thus, the proposed complex of calculations is more 
optimal for determining the stress-strain state and assess-
ing the deformability of workpieces during cold forming, 
since it addresses the most important indicators of techno-
logical processes, which are supplemented by non-mono-
tonic plastic deformation.

CONCLUSIONS
The hypotheses accepted in modern theories of deforma-
bility do not always reflect the real nature of damage accu-
mulation under non-monotonic plastic deformation. This 
leads to an accumulation of errors at each stage of the cal-
culation, from determining the deformation kinematics to 
estimating the amount of plasticity resource used. A high 
estimate of the probability of workpiece fracture during 
metal forming depends on reliable information about the 
change in the stress-strain state during plastic forming. 
The known methods for determining the stress-strain state 
do not always meet modern requirements for assessment 
accuracy. The value of the used plasticity resource, as one 
of the indicators of the technological heredity of products, 
significantly depends on the parameters of an arbitrary 
technological process. If this process is combined, the de-
termination of this dependence is much more complicated 
due to the presence of non-monotonic plastic deformation. 
The obstacle is the reason why the application of many 
deformability criteria in solving certain technological 
problems is limited. Therefore, the method of determining 

https://www.scopus.com/authid/detail.uri?authorId=56258743900
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the kinematic characteristics should be the starting point 
for improving the calculation algorithm. The next step is to 
determine the components of the stress deviator based on 
a mathematical model of an anisotropically hardened body 
that considers the effect of non-monotonic loading. For 
steel 10, the experimental dependences of the Bauschinger 
parameter and the hereditary function on the degree of 
deformation were obtained. The value of the used plasticity 
resource was estimated using a tensor model. The main dif-
ference between the criteria of this model and the known 
ones is that the surface of the boundary shape change is used 
instead of the plasticity diagram to approximate the func-
tions describing the mechanical properties of the material.

The proposed sequence of calculating the value of the 
used plasticity resource was applied to assess the deform-
ability of the workpiece in the process of two-stage cold 
combined extrusion. As a result, the peculiarities of chang-
es in the value of the used plasticity resource at character-
istic points on the horizontal axis of symmetry of the part 
with a flange were determined. At the same time, the stress 
state was determined using experimentally derived func-
tions that consider the Bauschinger effect and the hered-
itary influence of the load history. The components of the 
strain rate tensor are determined by analytical functions 

based on experimental data using Lagrangian and Euleri-
an coordinates. The boundary strain surface was used as 
a characteristic reflecting the dependence of plasticity on 
the stress-strain pattern, and the loading history was set 
by trajectories in the three-dimensional space of dimen-
sionless stress-strain parameters and accumulated strain. 
This addresses the effect of non-monotonic plastic defor-
mation under bulk stress conditions. The discrepancy be-
tween theoretical and experimental values was assessed 
by comparing the value of the calculated maximum flange 
diameter dmax and the diameter of the flange with signs of 
macrocracking. The error between the values was 7-9%. 
The present work is a continuation of research in the field 
of plasticity of deformed metal. Further research will be 
improved by refining the methods of calculating the stress-
strain state, quantifying the intensity of damage accumu-
lation, using the theory of dislocations and considering 
structural transformations in the deformed metal.
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Застосування ресурсозберігаючих технологій видавлювання  
і комплексного підходу оцінки пластичності металу деталей  

в агроінженерії

Анотація. Серед перспективних ресурсозберігаючих технологій виробництва деталей, з покращеними 
експлуатаційними характеристиками, чільне місце займають процеси об’ємного пластичного деформування виробів. 
Актуальність досліджуваної теми обумовлена необхідністю підвищення показників механічних властивостей 
деформованого металу, збільшення стійкості інструменту, отримання високоточних штампованих виробів із 
належним рівнем технологічної спадковості. Метою дослідження є створення необхідного рівня деформаційного 
зміцнення та пошкодженності деформованого металу, виробів складної конфігурації, що дозволить замінити дорогі 
марки сталей більш дешевими, із аналогічними службовими характеристиками. Для розрахунку компонентів 
тензора напружень, при немонотонному навантаженні, використана модель анізотропно-зміцнюваного тіла. 
На підставі теоретичних та експериментальних надбань запропоновано, для виготовлення деталей з фланцем, 
застосовувати способи холодного комбінованого видавлювання, які дозволяють значно збільшити граничні розміри 
і покращити показники технологічної спадковості виробу. В статті представлена методика визначення кінематичних 
характеристик пластичної течії металу аналітичними функціями, отриманими на основі експериментальних 
досліджень руху суцільного середовища. Тензорний підхід дозволив створити модель накопичення пошкоджень 
при немонотонній деформації. Представлений комплекс обчислень дозволяє достовірно і з досить високою точністю 
визначити напружений стан, величину витраченого ресурсу пластичної формозміни під час немонотонного 
об’ємного деформування, без попереднього підігріву металу. На основі інформації про напружено-деформований 
стан і тензорної моделі накопичення пошкоджень здійснена оцінка граничного формоутворення деталей з 
фланцем. Практична цінність досліджень полягає у використанні запропонованих підходів для розв’язання низки 
технологічних задач обробки металів тиском, коли матеріал зазнає немонотонного пластичного деформування в 
умовах об’ємного напруженого стану

Ключові слова: холодне комбіноване видавлювання; немонотонна деформація; складне навантаження; 
пластичність металу; об’ємне штампування
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