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Calculation of the bending parameters
of a flat workpiece into a twist of a helicoid torso

Abstract. Helical surfaces are deployable and non-deployable. The first is the surface of a helical conoid widely
used in technology, known as the screw. The second one is the surface of an unfolding helicoid or torso-helicoid. In

both cases, the surface is formed from a blank - a sweep in the form of a flat ring. If in the first case the sweep can be
calculated approximately, since the exact one does not exist due to the properties of non-expanded surfaces, then in
the second case it is calculated exactly. However, this does not mean that it is just as possible to form a ready-made
product from it - a twist of a helicoid torso. In contrast to non-expanded surfaces, during the manufacture of which the
workpiece is subjected to complex stretching and compression deformations, an expanded surface can be obtained by
bending with minimal plastic deformations, the magnitude of which depends on the thickness of the sheet. Bending
occurs along rectilinear generators, which are theoretically located on the workpiece. In the process of bending, the
location of these generators should not change. In the theory of differential geometry, such a process can be
described

Article’s History: Received: 16.06.2022; Revised: 04.10.2022; Accepted: 23.11.2022.

Suggested Citation:
Pylypaka, S., Kresan, T., Hropost, V., Babka, V., & Hryshchenko, I. (2022). Calculation of the bending parameters of a flat
workpiece into a twist of a helicoid torso. Machinery & Energetics, 13(4), 81-88.

*Corresponding author
Machinery & Energetics. Vol. 13, No. 4 é



Calculation of the bending parameters of a flat workpiece...

analytically and is called continuous bending. With regard to the manufacture of the twist of the torso-helicoid,
this means a gradual increase in the step to the desired value. The work contains parametric equations that describe
this method of bending. At the same time, not only stretching of the workpiece along the axis of the coil occurs, but also
its twisting around the axis. A comparison of these two movements was made and it was found that the relationship
between them is not linear. The work gives a formula describing this dependence. According to it, when the workpiece
is uniformly stretched along the axis, the angle of its twist around the axis increases according to a dependence close
to quadratic. In the work, examples of the use of the torso-helicoid are given, the surface is visualized, and graphs
are constructed. Confirmation of the reliability of the obtained results is the first found quadratic form of the torso-

helicoid, which does not change when the surface is bent

Keywords: surface area; conveyor screw; continuous divination; parametric equation; traction; torsional twisting

INTRODUCTION

The production of these surfaces differs significantly from
one another. When forming a flat workpiece into the sur-
face of a helical conoid, significant plastic deformations
occur, stretching the inner part of the surface adjacent to
the shaft and compressing the outer part. During the for-
mation of the helicoid torso, bending occurs along straight
lines, and the plastic deformations are minimal and caused
by the thickness of the sheet material of a workpiece. If for
an unexpanded surface a conditional sweep can only be con-
structed approximately, then for an expanded surface it is
constructed exactly. To form a spreadable surface from a flat
workpiece by bending it, it is necessary to know the dynam-
ics of the process.

The scientific novelty is that an analytical description
of the continuous bending of the helicoid torso has been
obtained, which allows making recommendations for its
practical manufacture.

Screw surfaces are widely used in the tasks of trans-
portation of technological material. They can be station-
ary in gravity descents [1; 2]. In paper [3], it is carried out
on a stationary surface under the action of the force of the
particle’s own weight, which is used in gravity descents.
The productivity of helical surfaces for transporting tech-
nological material depending on the size of the pitch of the
turn is considered in the paper [7]. They are very common
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in agricultural production [8-10]. In paper [11], the sur-
face (torso-helicoid) is mobile. Papers [3; 11] show the
use of a helicoid torso for transporting particles of tech-
nological material, while this transportation can be of dif-
ferent nature. Therefore, a significant part of the papers is
devoted to improving the designs of screw devices and the
technology of manufacturing spiral turns [12-14]. It rotates
around its own axis and thereby sets the particle in motion.
The technical and economic justification of their production
is described in paper [15].

The research purpose was an analytical description of
the process of continuous bending of a flat ring in the form of
a sweep of a twist of a helicoid torso into a finished product.

MATERIALS AND METHODS
To achieve the research purpose, the methods of differen-
tial geometry, which relate to the internal theory of surfaces,
were used. According to the theory of the internal geometry
of the length of the lines on the surface, the angles between
them do not change when the surface is bent.

A flat blank in the form of a ring with a cutout can be
bent in different ways. If the straight lines along which the
bending occurs are located radially, i.e., towards the center
of the ring, then with gradual bending along them the ring
will turn into a truncated cone (Fig. 1).
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Figure 1. Graphic illustrations of the gradual bending of a flat ring into a truncated cone: a) flat ring with a cutout; b)
intermediate stage during bending; c) truncated cone

In fact, bending is reduced to twisting the ring around
a vertical axis passing through its center until the moment
when the extreme limiting lines converge. Twisting can be
continued further. Then the surface of the cone will overlap,

and the angle of inclination of its rectilinear generators to
the base will increase. However, a flat ring can be bent in
another way, when the straight lines of the bend are located
at a certain angle to the radial direction (Fig. 2a).
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Figure 2. Graphical illustrations of the gradual bending of a flat ring into an expanding helicoid:
a) flat ring with a cutout; b) intermediate stage during bending; c¢) twist of a helicoid torso

When a flat ring is uniformly bent along such lines,
it is not only twisted around the vertical axis, but also
stretched along it (Fig. 2b, 2¢). Figure 4 shows the frontal
(Fig. 3a) and horizontal (Fig. 3b) projections of one turn
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of a helicoid torso. The limiting circles of the ring turned
into helical lines located on cylinders of radius r and R.
The value H, by which the ring was stretched, is the pitch
of a helicoid torso.
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Figure 3. Twist of an unfolding helicoid, which turned into a flat ring: a) frontal projection; b) horizontal projection

In addition to the dimensions r, R and H, there is
another dimension p, which depends on the direction of
the straight lines, along which bending occurs. This is the
size of the radius of a cylinder, on which the helical line of
pitch H is located. If you extend the bend lines, then they
will all be tangent to this helical line, which is called the
turning edge. During the reverse deformation of the twist
of a helicoid torso into a flat ring, the edge of the return is
also deformed - its pitch decreases and turns into an arc of
a circle on a developed view.

It is known from differential geometry that the length
of the turning edge and its curvature do not change when
the unfolded surface is bent [16; 17], although the shape of
the turning edge itself changes and it becomes a flat curve
on a developed view. In our case, when the turning edge is
deformed by stretching, the arc of the circle will turn into
a spiral line with an increase in its pitch H. Since the length
of the deformed helical line does not change, it is clear that
the radius p, will also decrease during such deformation. It
was controlled the bending of a helicoid torso through the
deformation of its turning edge (helix line) in the described
way. The parametric equations of a helical line as a function
of the length s of its arc have the following form:

s . s hs
Rx=pcos =5y =psin==i2= = ()

where h is the helical parameter that is related to the pitch
H by the dependence H=27h, p is the radius of the cylinder,
on which the helical line is located.

The curvature of the helical line is constant and
depends on two parameters: p and h. After deformation, the
helical line will remain helical, but with other parameters
p; and h. On the basis of the well-known expression of the
curvature of a helical line [17], we equate it with each other
before and after deformation:

P Pi

[02+hZ
p pZ+h2:

Equality (2) can be solved with respect to p, or h.. Let’s
solve it with respect to h,, since in this case the solution will

be simpler:
hi = /%(pz +h?—pp;) .

Let’s substitute into equation (1) the new notation p,
(new value of the radius) instead of p and expression (3), i.e.,
the new value of the screw parameter, instead of h,, and we
will obtain the following parametric equations:

[ P . f )
X; = p; COS |————=5S; .= D: —S;
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The resulting parametric equations (4) describe a set of
helical lines of the same curvature. Their parameters (pitch
and radius) depend on the value of the constant p. When
p=p, equation (4) turns into equation (1), i.e., describes
the original helical line. In the partial case, the spiral line
turns into a flat circle. This happens when h=0. Let’s equate
expression (3) to zero and solve it with respect to p;:

_ p*+h?
pi="" (5)

The value of the radius p, is the maximum possible, oth-
erwise the radical expression in the last equation (4) will
take on a negative value. When reducing p, from the max-
imum value (5) to p, the line (4) will transform by increas-
ing the pitch from the circle to the original helical line.
With a further decrease in p, the pitch of the spiral line will
increase, but when p=0, the line according to equations (4)
cannot be obtained, since the root expressions in the first
two equations (4) become undefined. This is explained by
the fact that at p=0, the spiral line should turn into a ver-
tical straight line, which is impossible under the condition
of a given constant curvature, since the curvature of the
straight line is zero.

The helical line (4) is a guide for the formation of a hel-
icoid torso. Its surface is formed by a set of rectilinear gen-
erators tangent to the helical line. The directional vector of
these generators is the expression of the first derivatives of
equations (4). Since the helical line (4) is given by the equa-
tions as a function of the length s of its arc, the derivatives
will represent the projections of the unit direction vector.
The parametric equations of the surface will be written as
a set of tangent lines to the helical line (4), the direction of
which is specified by a unit vector:

= p; P e up: p i p .
Xi = picos o) upl\/pi o \/pi\/ TEToR
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where u is the second variable of the surface - the length of
the rectilinear generator, the count of which starts from the
point of contact with the helical line.

The coefficients of the first quadratic form of the tor-
so-helicoid (6) have the following form:

_ (3X)\? | (avi\? | (9Z0)\? _ h*+pt+p?(2h?+p?)
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Thus, the quadratic form will be written as follows:

dS? = Gds? + 2dsdu + Edu? =
h4+p4+p2(2h2+p2)
= sz)z + 2dsdu + duz. (8)

The quadratic form (7) does not include the parameter
p.- Its value affects the shape of the surface (6), but does not
affect the quadratic form itself. This indicates that equa-
tion (6) is the equation of continuous bending of a heli-
coid torso by a uniform decrease of its pitch from the initial
value to zero when the helicoid torso turns into a sweep and
vice versa — from the sweep to the finished surface. When
p.=p, equation (6) describes the initial surface of the heli-
coid torso, and when p, is equal to the value given in (5) - its
sweep. In order to construct the required surface section, it
is necessary to know the limits of change of parameters s
and u. One turn of the surface corresponds to a 360° rota-
tion of the turning edge point (1). Let’s equate the expres-
sion that determines the current value of the angle to 360°,
and solve it with respect to s:

\/ﬁ = 2m from which s = 2m,/p? + h2. ©)

Therefore, the parameter s (independent variable)
should vary between zero and the value (9). The second
independent variable u is the distance of a point on the
rectilinear generator from the turning edge. Therefore, it
should vary from ur, which corresponds to the internal lim-
iting spiral line of radius r (Fig. 3b) to uR, which corresponds
to the external limiting spiral line of radius R. These spiral
lines on the horizontal projection are projected by circles of
radius r and R. Let us find the distance L from the axis heli-
coid torso to an arbitrary point of the initial surface accord-
ing to the well-known formula:

L= JXE +Y7 = pin (it £

P+

). (10)

Let us set the initial surface at p.=p, then substitute this
value into (10) and solve with respect to u:

u=" /@~ pH) (% + D). (11)

If we substitute the values of p and h into formula (11),
and the value of the radius r instead of L, we will get the
value of ur. Accordingly, by replacing L with R, we find the
value of uR. The difference between these uR-ur values is
the length of the rectilinear generators within the flat ring,
along which it is bent, so they are unchanged in the bend-
ing process. Let’s substitute (11) into (10), and after simpli-

fications we get:
LZ
L= ’Pi (_pz +pi— P)-

Formula (12) makes it possible to monitor the change
of the radii p, r and R in the process of bending the surface
depending on the value of p,. For example, when p=p (ini-
tial surface) we have: L=L. This means that when substitut-
ing the radii p, r and R instead of L, we get the same values.
To obtain the values of p , r, and R on the sweep (i.e., L),
we must substitute the corresponding value of p from (5)
into formula (12). After substitution, we get:

Lo = ~[(IZ + h2)(p? + h?).

)
The obtained values of the design parameters are suf-
ficient for the construction of the sweep.

(12)

(13)
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RESULTS AND DISCUSSION
Helical linear surfaces can be of two types — deployable and
non-deployable. An example can be a reinforced auger of
a grain harvester, which comprises two helical surfaces. Fig-
ure 4a shows a fragment of the auger, and Figure 4b shows

a)
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a fragment of a twist constructed with the help of a computer
based on the equations of these surfaces. The active turn,
marked with the number 1, is unexpanded and represents
the surface of a helical conoid. Turn 2 serves to strengthen
the main one and is an expanding surface - a helicoid torso.

1

y X
b)

Figure 4. Graphic illustrations of the structure of the auger of a grain harvester: a) fragment of the auger of a natural
product; b) fragment of the auger, the surfaces of which are built with the help of computer software

Let’s consider an example. Let’s bend a helicoid torso
with the given dimensions H=10 (h=1.6), p=2, r=6, R=10.
Let’s find the extent, to which the independent variables s
and u. From expression (8), we find that s=16.09. Therefore,
5=0...16.09. The alternate substitution of r and R instead
of L in formula (10) gives the limits of the distance change
u=7.2...12.5. According to formula (5), we find the maxi-
mum possible value of p,, which corresponds to the sweep
of the twist of a helicoid torso: p,=3.28. Therefore, p,
can have values within p=2...3.28. When p =2, we have the
initial surface, the projections of which are shown in Fig-
ure 4. It was gradually increased the value of p.. In Fig-
ure 5, projections of the surface at different values of the

constant p, are constructed according to equations (6). It
should be noted that in equations (6), we change only p,,
while other parameters, including the limits of change of
independent variables s and u, remain preliminary. When
substituting L=r=6 and L=R=10 in (13) alternately, we
find the values of the radii of the bounding circles on the
sweep: 1,=7,95i R =12.97, as well as p =3.28, i.e., the ini-
tial values of the corresponding radii r, R, and p increased
from 6, 10, and 2 to 8, 13, and 3.3, respectively. It should be
noted that the obtained results are broader in comparison
with those known, for example, in paper [9]. In this paper,
the original surface and its sweep without intermediate
positions during bending are given.

Figure 5. Helicoid torso projections constructed according to equations (6) at different values of p,
a) p=2.5; b) p=2.8; c) p=3.28 (sweep)

Analyzing the projections of the helicoid torsos as
a result of bending the original one (Fig. 3), its intermediate

positions during bending (Fig. 5a and Fig. 5b) and end-
ing with the sweep (Fig. 5¢), it is possible to draw certain

Machinery & Energetics. Vol. 13, No. 4
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conclusions, namely: when reducing the pitch of the coil,
the angle ¢ appears, which was not present on the origi-
nal surface and which acquired the maximum value on the
sweep. In addition, the radii p, r, and R increase, which also
reach the maximum values of p , r, and R on the sweep. The
dimensions p , r, and R determine the contours of the sweep
of the coil, and p, makes is possible to determine the direc-
tion of the straight lines, along which the bending occurs.
Let’s find an expression for the angle ¢. When the arc
length s changes from zero to the value (8), equation (1)
describes one turn of the helical line, i.e., the angle « in this
case will be equal to 271. The same will be the case for the
helical line (4) under the condition that p=p. In other cases,
when p#p the angle a will be smaller than 2, i.e., the angle
will appear as the difference 271-¢.. Taking into account this
and the value of s from (8), we can write the following:

— 9 — ’ p___ — |
¢, =2m—s pi(p2+h2)—2n(1 \/;)

When p=p, i.e., in the initial surface, the angle ¢=0. By
increasing p,, we will obtain certain values of the angle ¢..
At the maximum possible value of p, according to (5), we
will get the angle ¢_on the sweep. Let’s substitute p, from
(5) into (14) and get:

(14)

bo = 2n(1 - J{J"T) (15)

For the given h=1.6, p=2, using formula (15), we find
that ¢ =79°. The found values of p , r,, R and ¢, are suffi-
cient to construct a flat ring — the sweep of one turn of a hel-
icoid torso — and determine the direction of the straight
lines, along which bending occurs. Therefore, when a flat
ring is bent into the surface of a helicoid torso, deformation
occurs with its simultaneous stretching along the axis and

360 ‘
¢, grad. A
340+
Po
3201
300+
H;
280 :
a) 0 5 10

twisting around the axis. Let’s find an analytical relation-
ship between these two movements.

Pitch H, can be found if we multiply the helical param-
eter h, (3) by the angle «.. It can also be found as the z, coor-
dinate in equations (4) at the value of s from (8). In both
cases, we get the following:

H; = 2m,/p? + h? — pp;.

When stretching the ring, it must simultaneously twist
around the axis from the angle 277-¢_ (Fig. 5c) to the angle
27 (Fig. 4b). Within these limits, the angle o, changes, the
expression of which according to (14) is written as follows:

a; = 2T ﬂ
Pi

Excluding p, from expressions (16) and (17), we find the
dependencies a=a,(H) or H=H(a.):

(16)

17)

2

T 1 a4
47Tz(p2+h2)—Hiz i

Figure 6a plots the dependence of a.=a,(H,) on the set
parameters of the loop. Pitch H, changes from zero to the
final value H=10. At the same time, the angle «, changes
from the initial value of 281° to the final value of 360°. The
difference between these values gives the angle ¢ , i.e., in
fact, it is a graph of the dependence p=¢(H)). It shows that
with uniform stretching of a workpiece, its twisting occurs
unevenly: at first the angle grows slowly, and then its growth
accelerates according to a dependence close to quadratic.
The workpiece could be stretched further with simultaneous
twisting. At the same time, the angle of rise of the helical
line (turning edge), which is the angle of inclination of the
rectilinear generators to the horizontal plane, increases.

a; = al(p? +h?) —4m?p? (18)

10 T

¢, grad.

b)

Figure 6. Graphs characterizing the relationship between the two movements when bending a workpiece into a helicoid
torso turn: a) dependence of the angle of rotation ¢ with a linear increase in the pitch H;
b) dependence of the pitch H with a linear increase in the angle of rotation ¢

Figure 6b shows the graph of the dependence H=H(p),
which gives an idea of the regularity of the change of the
pitch H during uniform twisting of the workpiece. With

a linear increase in the angle ¢, the stretching of the work-
piece does not occur uniformly: at the initial stage, the step
increases rapidly and later this growth slows down.

Machinery & Energetics. Vol. 13, No. 4




CONCLUSIONS

When forming a coil of a helicoid torso from a flat work-
piece, which is its sweep, it is necessary to correctly bend
it. The theoretical description of the process of continuous
bending makes it possible to identify the required ratio of
two movements during the production of a coil by the bend-
ing method. In the process of forming the coil, it is necessary
to ensure its stretching along the axis with simultaneous

S. Pylypaka et al

twisting around the axis, and the ratio of these two move-
ments is non-linear. This requires special equipment
to obtain the finished product. A theoretical result was
obtained, which indicates a non-linear dependence between
these movements. Prospects for further research consist in
the development of technological equipment for the imple-
mentation of the described method of bending a flat sweep
into a finished product.
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Po3paxyHOK napaMeTpiB 3ruHaHHA
NJIOCKOI 3aroToBKM Yy BUTOK TOpca-renikoiga

AHoTaLUiq. [BMHTOBI MOBEPXHi € PO3TOPTHI i HEPO3ropTHi. [0 MepIInX BiIHOCUTHCS IIMPOKO BUKOPYCTOBYBaHA B TEXHIIT
TOBePXHS 'BMHTOBOTO KOHOiIa Bigoma MiJi Ha3BOI0 LIHeK. 1o IPYruxX — MOBEPXHSI pO3TOPTHOTO Tefikoina abo Topca-
resikoifa. B 060x BuIagKax roBepxHio GOPMYIOTh i3 3aTOTOBKM — PO3TOPTKY Y BUIVISIAI TVIOCKOTO Ki/bLis. SIKIO B IT@PIIOMY
BMUITAJIKY PO3rOpTKa MOXKe OyTH po3paxoBaHa HAOGIMKEeHO, OCKIIbKM TOUHOI He iCHYE B CYITY BJIaCTMBOCTEl HEPO3TOPTHUX
IIOBEPXOHb, TO B IPYyTOMY BMUIIaJKy BOHA PO3Pax0OBYeThCSI TOUYHO. O HaK Lie He 03Hayvae, 1110 TaK CaMO TOYHO MOXHa
chopMyBaTH i3 Hel TOTOBMIT BUPib — BUTOK TOpca-reikoiga. binbi getanbHe BUBUEHHS 1€l Mpo6IeMaTUKM 3YMOBITIOE
aKTya/bHICTb AOCTiIKeHb.MeTOoI0 JOCTiIKeHHS € ONMC IPOLieCy HElepePBHOTO 3TMHAHHS IVIOCKOTO KibLS Y BUNTISIZ
PO3rOpTKM BUTKA TOpCa-TesIikoiga y roroBuit Bupib. [Ijis 1iporo 6yiia 3aisiHa Teopis i MmetToau audepeHIliaabHOi reoMeTpii.
B po60Ti cki1aleHO TTapaMeTpUYHi PiBHSHHS, SIKi OIMCYIOTh TaKMii criocio 3armHaHHS. IIpy 1bOMY BiiOYBa€ThCS HE TiJIbKU
PO3TATYBaHHS 3arOTOBKM B3[0BX OCi BUTKA, a i 10r0 CKpy4YyBaHHSI HABKOJIO OCi. 3iliCHEHO MTOPiBHSIHHS LIMX JBOX PYXiB i
3’ICOBaHO, 1[0 3AJIeXKHICTh MiXXK HUMU He € JIiHi/iHOI0. B po60Ti HaBemeHO hopMyITy, IO OTMUCYE 1110 3a1eskKHICTb. OCHOBHUM
pe3yabTaTOM € OTPMMAaHHS I1i€i 3a/IeXKHOCTI, sIKa CTY>)KUTh OCHOBOIO 11 TPaKTUYHOI peasti3aliii popmMyBaHHS BUTKa TOpca-
rejrikoiza i3 MmIockoi 3aroToBKu CII0co060M 3rMHaHHS. B po60Ti HaBeoeHOo NMPUKIIaAM 3aCTOCYBaHHS TOpCca-Tesikoiaa,
3po06iieHO Bi3yasisaliio noBepxHi, mobymosaHo rpadiku. ITifTBepAKeHHSIM LOCTOBIPHOCTI OTPUMMaHUX Pe3y/bTaTiB €
3HaliJeHa mepiia KBagpaTuyHa (popMa Topca-Tesiikoifa, ika He 3MiHIOE€ThCS IIPM 3TMHAHHI ITOBepXHi. MaTepias cTaTTi
6yIe KOPUCHUM CIlelliaTicTam, o 3aiiMarThCs XOJIOLHUM IHYTTSIM IUIOCKUX JTMCTOBUX 3arOTOBOK
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