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Optimisation of a developable surface model passing through  
a helical curve with variable pitch

Abstract. Insufficient consideration of the developable helical surfaces in engineering practice complicates their 
manufacture and design, especially for variable pitch surfaces. The purpose of the article was to develop an algorithm 
for designing a helical surface of variable pitch and its mathematical implementation. For this purpose, the methods of 
differential geometry of curved lines and surfaces were used, as well as the MatLab software environment for computing, 
data analysis, visualisation and development of algorithms for constructing surfaces based on the results obtained. The 
basis for the surface construction was a spiral line of variable pitch, which can be specified by various dependencies. The 
task was to draw a set of rectilinear surface components through this spiral line with a vertical axis, provided that it was 
a developable surface. An additional condition was that these lines must be inclined at a constant angle to the horizontal 
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of such tools in mechanical engineering. In their work, 
J.  Zhao  et al.  (2024) investigated the evolution of tooth 
surface morphology in the process of mixed wear during 
sliding contact under mixed lubrication. They found pat-
terns of changes in the microrelief of the tooth surface, 
which has a significant impact on their wear resistance and 
tribological characteristics. This study contributes to the 
improvement of methods for predicting the durability of 
helical gears and the selection of materials and coatings 
to increase their durability. J. Chen et al. (2024) focused on 
general meshing modelling and analysis of the dynamic 
characteristics of a helical gear with tooth profile devia-
tions. Their work allowed them to determine the impact of 
different types of defects on gear dynamics, which is im-
portant for improving the design of gears and increasing 
their operational reliability.

Special attention is paid to the optimisation of screw 
turbines. J.C.P. Ortiz et al. (2024) presented a methodolo-
gy for optimising the design of a throat screw turbine for 
hydrokinetic applications using experimental studies and 
response surface methodology. This research has increased 
the efficiency of energy production from water flow, which 
is a promising area in renewable energy.

As a result of reviewing the sources on the chosen 
topic, it was found that the analysis of helical surfaces for 
their internal structure in terms of differential geometry 
is not given due attention. Meanwhile, the surface can be 
developable or non-developable, which should be taken 
into account in the technology of manufacturing turns. A 
developable surface allows to find its exact ream, which is 
formed into a finished product by simply bending it with-
out significant plastic deformations. That is why the aim of 
the study was to find helical reamers that pass through a 
given helical line

MATERIALS AND METHODS
The study used the symbolic mathematics of the Mathe-
matica software product, as well as the MatLab software 
environment to visualise the results. The task of con-
structing the surface was to draw a set of rectilinear lines 
through a given spiral line with a vertical axis so that the 
resulting surface was developable. In addition, a condition 
was imposed on the surface, according to which it had to be 
a surface of equal slope of the constituent lines. The meth-
od of constructing the surface was based on a well-known 

INTRODUCTION
The study of the optimisation of the developable surface 
model is necessary to improve the technology of manu-
facturing augers in agriculture, food, mining and con-
struction industries, as it allows for increased accuracy 
of geometric parameters, reduced material waste and im-
proved performance of the final product. In agriculture, 
augers are used to transport grain, feed and fertilisers, 
where it is important to distribute the material evenly 
and minimise damage. In the food industry, they are used 
in the production of flour, sugar, coffee and other bulk 
products, where the precise shape of the auger ensures 
efficient movement without sticking and loss. The mining 
industry requires high wear resistance and durability of 
screws for transporting abrasive materials, while the con-
struction industry uses them in concrete mixers, drilling 
rigs and bulk material feeding systems. Optimising the 
shape of the developable surface improves design solu-
tions, simplifies production and reduces energy costs for 
the operation of screw mechanisms, making them more 
efficient and cost-effective

Helical surfaces play an important role in various fields 
of technology, which is confirmed by numerous scientific 
studies. M. Mushtruk et al.  (2020) investigated the use of 
helical surfaces in twin-screw extruders, in particular for 
the process of extruding oil from pre-ground raw materials. 
Their work can improve the efficiency of the process and 
the quality of the final product. S. Pylypaka et al. (2024a) 
proposed the use of a helical surface for the design of a 
screw knife of a grinding drum, which is relevant for in-
creasing the efficiency of grinding materials in industrial 
and agricultural machines. S. Liu et al. (2023) optimised the 
design of a screw pair in a hydraulic rotary actuator, which 
contributes to improving the performance and efficiency of 
hydraulic systems.

Researchers A. Rucins et al. (2024) focused on the study 
of the energy parameters of a screw conveyor with a pad-
dle impeller used to transport agricultural materials. The 
study is aimed at reducing energy consumption and opti-
mising the operation of transport mechanisms. Similarly, 
V. Bulgakov et al. (2024) considered the traction resistance 
of harrows with screw implements, which is important for 
the design of modern agricultural machinery.

Scientist L. Huran (2024) studied the computer mod-
elling of rotating cutting tools with helical teeth, which 
can improve the manufacturing accuracy and performance 

plane, i.e. the receptive surface must be a surface of equal inclination of the lines. Usually, the unfolding surface is defined 
by a spatial curve – an edge of inverse. The set of straight-line tangents to the back edge forms the developable surface. 
However, in practical problems, it is important to ensure that the scan surface passes through a given curve, for example, 
a helical line. It has been established that a set of reamer surfaces of the same slope of the constituent parts with different 
specified angles can be drawn through a given helical line. It was proved that it is easy to obtain a surface compartment 
bounded by two coaxial cylinders, one of which has a given helical line. The results of the study can be used to improve the 
technology of manufacturing screws in agriculture, food, mining and construction industries

Keywords: rectilinear constituent parts; guide cosines; slope surface; envelope curve; screw
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density, two scanning surfaces of the same slope of the con-
stituent surfaces were formed. Each of the tangents passed 
through the top of the cone and intersected curves 2 and 3 
in the horizontal plane from which the ascent began. These 
curves were enveloping for a set of circles – the bases of the 
cones, with a straight line passing through the top of the 
cone and the point of contact of its base with the envel-
oping curve. The object under study was a surface located 
outside the cylinder (in Fig. 1a, the individual generating 
surfaces are marked with thickened segments).

method of creating surfaces of equal slope of the constit-
uent elements. In practice, such surfaces can be observed 
on the slopes of motorways that have a curved axis and go 
uphill. Bulk soil has a constant angle of inclination to the 
horizontal plane, the value of which depends on its prop-
erties. The edge of the road was assumed to be a spatial 
curve 1 on a cylinder of radius R (Fig. 1a). At certain points 
on the curve, sand was poured out, resulting in cones of 
different heights z with the same angle β of natural slope 
(Fig. 1b). If such points on the curve are located with a high  

Figure 1. Graphical illustrations of the formation of a scanning surface of the same slope of the derivatives
Note: a) a scheme of surface formation by constructing cones with vertices on a given cylindrical curve; b) a single cone 
whose height z depends on the location of its vertex on a given curve: OXYZ – spatial coordinate system; 2R – diameter 
of the cylinder; z – height of the cone; β – angle of inclination of the cone’s constituent parts to its base (angle of natural 
slope); 1 – a given curve, 2, 3 – envelope curves of circles – bases of cones
Source: developed by the authors

The radius of the base of the cone ro was variable and 
depended on its height z, i.e. its value was determined 
from the expression ro

 = z- ּ ctgβ. The cylindrical curve on 
which the cone vertices are located was given by the para-
metric equations:

x = R cosα; y = R sinα; z = z(α),                       (1)

where R is the radius of the cylinder; α is the angle of rota-
tion of the curve point around the cylinder axis when the 
cone vertex moves along it.

The centres of all the circles – the bases of the cones – 
were located on a circle of radius R, the horizontal projec-
tion of the cylinder. In this case, the one-parameter set of 
circles – the bases of the cones – is described by the implic-
it equation:

(x - R cosα)2 + (y - R sinα)2 = z2ctg2 β.                    (2)

Differentiating equation (2) by the variable α yielded 
the result:

2R sinα (x - R cosα) - 2R cosα (y - R sinα) = 2zz'ctg2 β.   (3)

The system of two equations (2) and (3) was solved with 
respect to x and y. These were the coordinates of the points 
of the envelope curve, which were denoted as xo and yo:

𝑥𝑥𝑥𝑥о = 𝑅𝑅𝑅𝑅 cos𝛼𝛼𝛼𝛼 +
𝑧𝑧𝑧𝑧ctg𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅 �𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼 ±�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 cos𝛼𝛼𝛼𝛼� ; 

𝑦𝑦𝑦𝑦о = 𝑅𝑅𝑅𝑅 sin 𝛼𝛼𝛼𝛼 −
𝑧𝑧𝑧𝑧ctg𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅 �𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼 ∓ �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼�. (4)

If a certain dependence z = z(α) was given, then para-
metric equations (4) described two curves, one of which 
corresponded to the upper sign before the square root, 
and the other to the lower sign. These were the envelope 
curves, which are marked with numbers 2 and 3 in Figure 1. 
Since these curves were in the horizontal plane, zo

 = 0. Thus, 
having the coordinates of the current point of the curve (1) 
with the given dependence z = z(α) and the coordinates of 
the corresponding point of the envelope (4), it is possible to 
construct a rectilinear surface by connecting these points 
with a segment.

RESULTS AND DISCUSSION
A diagram of a developable surface is shown in Figure 2. It 
shows several rectilinear surface elements. A section of the 
surface between uniaxial cylinders of radii R and r is con-
sidered. In this case, the straight line of the surface must be 
limited to the segment between these cylinders (for exam-
ple, segment AB, Fig. 2). To construct a rectilinear surface 
that extends from a point on a given cylindrical curve, you 
need to know the unit directional vector. To determine it, 
you can use the well-known expression for a line passing 
through two points in space:



52
Machinery & Energetics. Vol. 16, No. 2

Optimisation of a developable surface model passing...

𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛−𝑥𝑥𝑥𝑥𝑜𝑜𝑜𝑜
𝑥𝑥𝑥𝑥−𝑥𝑥𝑥𝑥𝑜𝑜𝑜𝑜

= 𝑦𝑦𝑦𝑦𝑛𝑛𝑛𝑛−𝑦𝑦𝑦𝑦𝑜𝑜𝑜𝑜
𝑦𝑦𝑦𝑦−𝑦𝑦𝑦𝑦𝑜𝑜𝑜𝑜

= 𝑧𝑧𝑧𝑧𝑛𝑛𝑛𝑛−𝑧𝑧𝑧𝑧𝑜𝑜𝑜𝑜
𝑧𝑧𝑧𝑧−𝑧𝑧𝑧𝑧𝑜𝑜𝑜𝑜

= 𝑢𝑢𝑢𝑢,                           (5)

where x(n) , y(n) , zn are the coordinates of the current point 
of the line product; u is a parameter proportional to the 
length of this line product.

In the projections of vector (7), the square root can be 
signed either upper or lower. The test showed that for the 
problem under study, the lower sign is required. It corre-
sponds to the surface products that extend from the enve-
lope 3 in Figure 1a. With this equation in mind, the surfaces 
in which all the rectilinear products pass through the given 
curve (1) parallel to the directional unit vector (7) are written:

𝑋𝑋𝑋𝑋 = 𝑅𝑅𝑅𝑅 cos 𝛼𝛼𝛼𝛼 − 𝑢𝑢𝑢𝑢
cos𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅 �𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼 − �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 cos𝛼𝛼𝛼𝛼� ; 

𝑌𝑌𝑌𝑌 = 𝑅𝑅𝑅𝑅 sin 𝛼𝛼𝛼𝛼 + 𝑢𝑢𝑢𝑢
cos
𝑅𝑅𝑅𝑅 �𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼 + �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼� ; 

𝑍𝑍𝑍𝑍 = 𝑧𝑧𝑧𝑧(𝛼𝛼𝛼𝛼) +𝑢𝑢𝑢𝑢 sin 𝛽𝛽𝛽𝛽, (8)

where u is the second independent variable of the surface, 
which is the length of the rectilinear product and whose 
reference starts from the given cylindrical curve.

All the rectilinear generating surfaces of (8) are tan-
gent to the spatial curve – the inverse edge. Two infinitely 
close generating surfaces intersect at a point on the inverse 
edge, and it is formed by a set of such points. First, you 
need to find the horizontal projection of the back edge. To 
do this, the variable u must be eliminated from the first two 
equations (8). The result of the simplifications is as follows:

(𝑋𝑋𝑋𝑋 sin 𝛼𝛼𝛼𝛼 𝛼𝛼𝛼𝛼𝛼 cos 𝛼𝛼𝛼𝛼)�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 − 

−𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽(𝑋𝑋𝑋𝑋 cos𝛼𝛼𝛼𝛼 +𝑌𝑌𝑌𝑌 sin 𝛼𝛼𝛼𝛼 𝛼 𝛼𝛼𝛼𝛼) = 0.                   (9)

Equation (9) describes a one-parameter set of recti-
linear surface components in the projection onto a hori-
zontal plane. The position of an individual line depends 
on the value of the parameter α. Differentiation of (9) with 
respect to the variable α gives another equation, which 
includes the notation X and Y. As a result, there are two 
equations in which X and Y are unknown dependencies. 
The resulting system needs to be solved with respect to 
these dependencies. These will be the parametric equa-
tions of the horizontal projection of the back edge. In this 
case, the uppercase letters X and Y, which were related 
to the surface, are replaced with lowercase letters with 
the index “p”, since they no longer refer to the surface, 
but to the curve – the back edge. The intermediate results 
of the described operations, which were performed using 
the symbolic mathematics of the Mathematica software 
product, are not shown because of their cumbersome ap-
pearance. The finished result (parametric equations of the 
back edge) has the form:

Figure 2. Schematic of the formation  
of a developable surface with a compartment bounded  

by two coaxial cylinders
Note: R and r – radius of uniaxial cylinders (outer and inner, 
respectively); OXYZ – spatial coordinate system; AB – seg-
ment of a straight line of the generating surface bounded 
by cylinders; β – angle of inclination of the generating sur-
face to the horizontal plane; 1 – specified curve; 2 – enve-
lope curve
Source: developed by the authors on the basis of research

The expressions in the denominator of equation (5) are 
the projections l, m, n of the directional vector of the rec-
tilinear generating surface. After substitution of the cor-
responding equations (1) and (4) and after simplifications:

𝑙𝑙𝑙𝑙 = −
ctg𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅 �𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼 ± �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼𝛼 ; 

𝑚𝑚𝑚𝑚 =
ctg𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅

�𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼 𝛼 �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼𝛼 ; 

𝑛𝑛𝑛𝑛 = 1.  (6)

The vector (6) is not unit. It is normalised to unit by 
dividing its components by its modulus:

𝑙𝑙𝑙𝑙 = −
cos𝛽𝛽𝛽𝛽
𝑅𝑅𝑅𝑅 �𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼 ± �𝑅𝑅𝑅𝑅2 −𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼𝛼 ; 

𝑚𝑚𝑚𝑚 =
cos
𝑅𝑅𝑅𝑅

�𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼 𝛼 �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼𝛼 ; 

𝑛𝑛𝑛𝑛 = sin 𝛽𝛽𝛽𝛽.  (7)

𝑥𝑥𝑥𝑥𝑝𝑝𝑝𝑝 =
�𝑅𝑅𝑅𝑅2𝑧𝑧𝑧𝑧 ʺ + 𝑧𝑧𝑧𝑧 ʹ2ctg𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽� cos 𝛼𝛼𝛼𝛼 + 𝑧𝑧𝑧𝑧 ʹ�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼

𝑅𝑅𝑅𝑅tg𝛽𝛽𝛽𝛽�𝑧𝑧𝑧𝑧 ʺctg𝛽𝛽𝛽𝛽 +�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽�
; 

𝑦𝑦𝑦𝑦𝑝𝑝𝑝𝑝 =
�𝑅𝑅𝑅𝑅2𝑧𝑧𝑧𝑧 ʺ + 𝑧𝑧𝑧𝑧 ʹ2ctg𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽� sin 𝛼𝛼𝛼𝛼 𝛼𝛼𝛼𝛼𝛼  ʹ�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼

𝑅𝑅𝑅𝑅tg𝛽𝛽𝛽𝛽�𝑧𝑧𝑧𝑧 ʺctg𝛽𝛽𝛽𝛽 + �𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽�
; 

𝑧𝑧𝑧𝑧𝑝𝑝𝑝𝑝 = 𝑧𝑧𝑧𝑧+
𝑧𝑧𝑧𝑧 ʹ2 −𝑅𝑅𝑅𝑅2tg2𝛽𝛽𝛽𝛽

𝑧𝑧𝑧𝑧 ʺ + tg𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽
.

                                           (10)
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Figure 3. Surface section and the corresponding back edge constructed according  
to equations (8) and (10) at R = 2 and β = 40°

Note: a) axonometric image; b) horizontal projection
Source: developed by the authors on the basis of research

a)

The last equation in (10) zp
  = 

z(p)(α) can be obtained 
separately after finding the first two. To do this, the x(p) of 
the back edge (10) and the X of the surface (8) are equated. 
From the resulting equation, an expression for u is found, 
which is then substituted into the last equation (8). You can 
equate up and Y. The result will be the same.

The visualisation of the back edge and the rectilinear 
surface elements was performed using the MatLab soft-
ware. Any relationship z = z(α) can be specified and a line 
on the cylinder can be obtained using equations (1). How-
ever, this does not mean that it is possible to construct a 
scan surface along its entire length. This is demonstrated 
by an example. Let z = e(0,2α), z´ = 0.2e(0,2α), z´´ = 0.04e(0,2α). Fig-
ure 3 shows the surface section according to equations (8) 
when the parameter α varies within the range α = 0...3π: 
in Figure  3a  – in axonometry, in Figure  3b  – horizontal  

projection of the surface section. For wider limits of change 
in the parameter α, the construction of the surface becomes 
impossible. This is due to the value of the root expression 
in Equations (8) when it becomes negative. Its value is 
also affected by the value of the angle α. The length of the 
straight line is 2 linear units (u = 0...2). According to equa-
tions (10), the back edge is constructed with a thickened 
line. For some straight-line generators, it is shown that af-
ter their continuation, they touch the back edge.

The horizontal projection (Fig. 3b) shows that the out-
er edge is not a cylindrical line. To eliminate this drawback, 
a transition from the parameter u (the length of the recti-
linear product) to the parameter ρ, which represents the 
distance from the axis to the surface points, is required. 
This distance is found by a well-known formula using the 
first two equations (8):

b)

𝜌𝜌𝜌𝜌 = �𝑋𝑋𝑋𝑋2 +𝑌𝑌𝑌𝑌2 = �𝑅𝑅𝑅𝑅2 + 𝑢𝑢𝑢𝑢 cos 𝛽𝛽𝛽𝛽 �𝑢𝑢𝑢𝑢 cos 𝛽𝛽𝛽𝛽 + 2�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽�.                                                 (11)

After substituting the expression u, found from equation (11), into equation (8), they take the final form:

𝑋𝑋𝑋𝑋 = 𝑅𝑅𝑅𝑅 cos 𝛼𝛼𝛼𝛼 +
1
𝑅𝑅𝑅𝑅 �

�𝜌𝜌𝜌𝜌2− 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 −�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽� ��𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼 − 𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼� ; 

𝑌𝑌𝑌𝑌 = 𝑅𝑅𝑅𝑅 sin 𝛼𝛼𝛼𝛼 +
1
𝑅𝑅𝑅𝑅 �

�𝜌𝜌𝜌𝜌2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 −�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽� ��𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 sin 𝛼𝛼𝛼𝛼 + 𝑧𝑧𝑧𝑧 ʹctg𝛽𝛽𝛽𝛽 cos 𝛼𝛼𝛼𝛼� ; 

𝑍𝑍𝑍𝑍 = 𝑧𝑧𝑧𝑧(𝛼𝛼𝛼𝛼) + ��𝜌𝜌𝜌𝜌2− 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽 −�𝑅𝑅𝑅𝑅2 − 𝑧𝑧𝑧𝑧 ʹ2ctg2𝛽𝛽𝛽𝛽� tg𝛽𝛽𝛽𝛽.                      (12)

The obtained equations (12) make it possible to con-
sider the design of a variable pitch sweeping helical sur-
face. Such a surface can be used as an auxiliary surface in 
forage harvesters. Two rotating augers are used to direct 
the plant mass into the neck, moving the mass towards the 
middle, i.e. two streams of plant mass move towards each 
other. The main screw, which moves the crop, is reinforced 
with welded braces, but it is more reliable to use a retaining 
screw, which can be made from a reamer. If the pitch of the 
screw surface is constant, the speed of the oncoming flows 
of plant mass is also constant. As these flows approach 
the centre, their speed should decrease, and in the centre, 

they should be zero. This can be achieved by using a vari-
able pitch helical surface. In order for the mass velocity to 
decrease according to a linear law, the relationship z=z(α) 
must have the following form:

z = aα - bα2,                                   (13)

where a and b are constant values. In the special case when 
b = 0, the surface will have a constant pitch.

Based on the average dimensions of the combine’s 
working width and the inner (shaft radius) and outer edges 
of the helical surface (ρ = 125 mm and ρ = 250 mm), the values 
of the constants a and b in equation (13) were found to be 
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a = 100 and b = 1.5. For these data at β = 40°, a scanning heli-
cal surface was constructed by changing the parameter ρ in 
the range of ρ = 125...250 and changing the angle α in the 
range of α = 0...8π. The result of the construction is shown in 
Figure 4a,b. In Figure 4a, this surface is built on a shaft with 
a radius of r = 125 mm with a horizontal axis, and a working 
surface in the form of a helical conoid is also completed.

The common helical line (the outer edge of the main 
and auxiliary surfaces) in Figure  4c is shown as a thick-
ened line. The research conducted is important from the 
point of view of the practical application of the results ob-
tained. As noted at the beginning of the article, in engi-
neering practice, insufficient attention is paid to the geom-
etry of helical surfaces. They can be linear and non-linear.  

Linear helical surfaces (helicoids) are the most widely used 
in practice. In turn, they can be developable and non-de-
velopable. The former have a simple analytical description, 
but require special equipment for their manufacture. There 
is no exact scan for them, and an approximate one requires 
plastic deformation and metal redistribution. For develop-
able surfaces, an exact develop can be constructed based on 
the constancy of the area, line lengths and angles between 
them, but this requires a complex mathematical descrip-
tion using differential geometry. The production of helical 
surfaces from a flat workpiece is accomplished by simply 
bending it, similar to folding a sheet of paper into a cylin-
drical surface. In this case, plastic deformation is minimal 
and is due to the thickness of the sheet material.

Figure 4. Variable pitch helical developable surface and its application
Note: a) frontal projection of the surface and its reverse edge; b) horizontal projection of the surface and its reverse edge; 
c) use of a developable screw surface: 1 – working non-developable surface (helical conoid), 2 – auxiliary (backing) surface 
(variable pitch developable surface)
Source: developed by the authors on the basis of research

a) b) c)

All the developable surfaces have a reverse edge to 
which the rectilinear generating surfaces are tangent (for 
cones it degenerates into a point, and for cylinders – into 
an infinitely distant point). All the generating surfaces are 
located on one side of it (Fig. 3b, Fig. 4b). For this reason, 
for a helical surface, it must be inside the cylinder on which 
the given line is located. Therefore, along the entire length 
of this line, you can build a developable surface with a given 
angle of inclination of the generative elements β. As soon as 
the back edge enters the cylindrical surface, further surface 
construction becomes impossible. In this case, the root ex-
pression in the surface equations (8) becomes negative. The 
root expression also includes the angle β, so it also affects 
the surface construction process. For the surface (Fig. 4) on 
a certain section of a given helical line of variable pitch, it 
is close to the minimum and is β = 40°. The minimum value 
of the angle β can be determined from the root expression 
in equations (8) by equating it to zero. From there: β = Arct-
g(z´/R), which for the case under consideration is 38.7°. At 
the lowest point of the surface (Fig. 4a, b), the back edge 
extends to the surface of the cylinder, i.e. the straight line 
becomes tangent to it. Further design of the developable 
surface below this point becomes impossible, as the law of 

its formation is violated. It is possible to increase the angle 
β, so that a certain part of the surface can be constructed 
downwards, but this increases the distance between the 
seam of the main and support surfaces on the shaft, which 
leads to a decrease in the useful volume between turns.

In the work of S.  Pylypaka  et al.  (2024b) proposed a 
helical sweeping surface of constant pitch to be used as a 
working body of a helical knife of an agricultural imple-
ment. The given helical line is the cutting edge. Straight 
lines pass through it, the inclination of which is chosen to 
reduce the resistance of the working body to entering the 
material. The main difference between the surface design 
in this and the proposed work is that the surface of the 
working body has a constant pitch and the back edge is also 
a helical line of constant pitch. This is a special case that 
can be obtained from dependence (13) of our work when 
b = 0. In this case, z´ = a, z´´ = 0 and equation (10) will describe 
a helical line of constant pitch.

E.  Güler & Y.  Yayli (2023) and E.  Güler & N.C.  Tur-
gay  (2024) investigated the geometric isometries of hel-
ical surfaces in four-dimensional and five-dimensional 
Euclidean space. They analysed the properties and symme-
try of such surfaces using mathematical methods of their  
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description and classification. However, the authors did not 
focus on the practical application or design of such surfac-
es, unlike the current study.

Numerous studies have been conducted on the design 
of non-rollable surfaces. A. Bankova et al. (2024) proposed a 
method for develop of non-developable surfaces from sheet 
material, which can be used in the production of complex 
structures. L. Zawallich & R. Pajarola (2024) considered a 
mesh approximation of non-developable surfaces, which 
allows simplifying their geometric model and facilitating 
the unwrapping process. These studies highlighted the im-
portance of accurate methods for designing such surfaces, 
which is critical for manufacturing processes.

W. Zhang et al. (2024) investigated the process of man-
ufacturing helical surfaces by milling. They focused on the 
effect of the machining process on energy consumption 
and the quality of the machined surface. The disadvantage 
of this approach was the high energy consumption, which 
requires further process optimisation. In addition, an al-
ternative method of manufacturing screw surfaces, such as 
bending, was considered by A. Kumar et al. (2024). The au-
thors noted that the develop of non-developable surfaces 
can only be approximate, and their bending into the de-
sired shape significantly increases the energy intensity of 
the process. Thus, these studies have shown that further 
improvements in the manufacturing of screw surfaces are 
needed to reduce costs and increase efficiency.

Scientists V. Tarelnyk et al. (2019a; 2019b) studied sur-
face plastic deformations and their impact on the microge-
ometry, structure, wear resistance and efficiency of coatings. 
The studies showed that the use of combined surface treat-
ment methods improves the performance of parts. Howev-
er, the authors did not take into account the impact of sur-
face geometry on such indicators at the design stage, which 
opens up opportunities for further research in this area.

The question of the construction of developable sur-
faces was addressed by A.S.M. Kamarudzaman & M.Y. Mis-
ro (2024), where the authors studied the develop of the quin-
tic trigonometric Bezier surface. T.G.  Nelson  et al.  (2019) 
proposed approaches to the design of developable surfac-
es and detailed the areas of their possible application, in 
particular in robotics, the creation of compact devices and 
adaptive structures. F. Tash & R. Ziatdinov (2023) consid-
ered the developable linear surfaces formed by using the 
curvature axis of the curve. They investigated the geomet-
ric properties of such surfaces and proposed methods for 
their construction.

In general, a considerable amount of research has 
been aimed at studying the properties and methods of con-
structing helical and developable surfaces. However, many 
works focus only on theoretical aspects, without consider-
ing practical applications, unlike the current study. 

CONCLUSIONS
A method for constructing a developable surface of the 
same slope of the constituent elements that passes through 
a given cylindrical line is developed. The task of the work 

was to find a set of rectilinear surface components that 
would form a developable surface. In addition, all of the 
generating surfaces must have the same angle of incli-
nation to the horizontal plane. By setting the angles of 
inclination to different constant values, a set of reamer 
surfaces passing through a given cylindrical line can be 
obtained. To solve this problem, a geometric model of the 
formation of a developable surface was proposed. It con-
sisted of constructing a one-parameter set of cones with a 
given angle of inclination of their generators to the hori-
zontal plane and a vertex on a given cylindrical curve. The 
developable surface of such a set of cones is the devel-
opable surface. The mathematical implementation of the 
proposed model consisted in finding the curve of the sec-
tion of the develop by the horizontal plane. In this plane, 
a one-parameter set of circles is formed – the sections of 
cones. The radius of each circle depends on the distance 
from the horizontal plane to the vertex of the cone, which 
is located on a given cylindrical line. Since this height is 
known, the radius of the bases of all cones are known. This 
circumstance made it possible to find the circumscribing 
lines of the set of circles in the horizontal plane with their 
points of contact. The intersection of the point of contact 
of a particular cone with its vertex determines the recti-
linear product of the surface. The parametric equations of 
the surface and its back edge are obtained. The equations 
allow us to obtain a surface compartment located between 
two coaxial cylinders. This is made possible by the fact 
that one independent variable of the surface equations is 
the distance from its axis to points on it. At a constant 
value of this parameter, a bounding cylindrical line of a 
given radius is formed on the surface. A surface cannot 
be constructed along the entire length of a given cylin-
drical line, since a given angle of inclination of its recti-
linear components in a certain section of the curve will 
contradict the law of its formation. Mathematically, this 
limitation is due to the value of the root expression in-
cluded in the surface equations, since this expression can-
not be negative. The direction of further research should 
be the construction of a scan of the surface compartment 
bounded by two coaxial cylinders. For helical surfaces 
with a constant pitch, such compartments are flat figures 
in the form of a ring, the bounding radius of which are 
determined by the formulas. If the pitch is variable, the 
bounding curves are spiral curves, which require special 
algorithms to be developed.
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Оптимізація моделі розгортної поверхні,  
яка проходить через гвинтову лінію змінного кроку

Анотація. Недостатнє врахування розгортності гвинтових поверхонь в інженерній практиці ускладнює їх 
виготовлення та конструювання, особливо для поверхонь змінного кроку. Метою статті була розробка алгоритму 
конструювання гвинтової поверхні змінного кроку та його математична реалізація. З цією метою були задіяні 
методи диференціальної геометрії кривих ліній і поверхонь, а також середовище програмного продукту для 
обчислень, аналізу даних, візуалізації та розробки алгоритмів MatLab для побудови поверхонь за отриманими 
результатами. Основою для побудови поверхні взято гвинтову лінію змінного кроку, який може бути заданий 
різними залежностями. Задача полягала в тому, щоб через цю гвинтову лінію із вертикальною віссю провести 
множину прямолінійних твірних поверхні за умови, щоб вона була розгортною. Додаткова умова – ці твірні мають 
бути нахилені під сталим кутом до горизонтальної площини, тобто розгортна поверхня має бути поверхнею 
однакового нахилу твірних. Зазвичай розгортну поверхню задають просторовою кривою – ребром звороту. Множина 
прямолінійних дотичних до ребра звороту утворює розгортну поверхню. Однак у практичних задачах важливо 
забезпечити проходження розгортної поверхні через задану криву, наприклад, гвинтову лінію. Встановлено, що 
через задану гвинтову лінію можна провести множину розгортних поверхонь однакового нахилу твірних із різними 
заданими кутами. Доведено, легко отримати відсік поверхні, обмежений двома співвісними циліндрами, на одному 
із яких розташована задана гвинтова лінія. Результати дослідження можуть бути використані для покращення 
технологій виготовлення шнеків у сільському господарстві, харчовій, гірничодобувній та будівельній галузях

Ключові слова: прямолінійні твірні; напрямні косинуси; поверхня укосу; обвідна крива; шнек
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